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In this paper, we have analyzed the influences of non-linear refractive index on the four-wave mixing

(FWM) characteristics in semiconductor optical amplifiers (SOAs). It has been shown that the generated

FWM signal characteristics can be modified due to the variation of non-linear refractive index of the SOA’s

medium. The wave propagation in the SOA has been modeled using the nonlinear propagation equation

taking into account gain spectrum dynamics, gain saturation, which depends on carrier depletion, carrier

heating, spectral hole-burning, group velocity dispersion, self-phase modulation and two photon absorp-

tion. Simulation of optical wave evolution in the SOA has been carried out using the finite-difference beam

propagation method (FD-BPM) both in time and spectral domains. Our simulation results confirm that

higher FWM conversion efficiency and lower time bandwidth product are achieved for higher absolute

values of non-linear refractive index. Moreover, non-linear refractive index is more efficacious for high

power propagated waves in SOAs. Finally, we have studied the modification of waveguide refractive index

due to the propagation of optical pulses. We have also shown that when 9n29¼1 cm2/TW, refractive index

variation is in the order of 10�4 to 10�7 for high and low power input pulses, respectively.

& 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Four-wave mixing (FWM) in semiconductor optical amplifiers
(SOAs) is an attractive phenomena for wavelength conversion
[1,2]. All-optical devices using FWM in SOAs have certain impor-
tant features, such as optical gain, operation with relatively low
optical input power, small size and capability of large-scale
integration [3,4]. The operation of these devices is expected to
be all-optical (e.g., wavelength conversion, optical demultiplexing
and optical sampling) [5].

The fast non-linear phenomena occurring in the SOA medium
affect the FWM process in the SOA. One of these non-linear
phenomena is optical Kerr effect, which is an instantaneous non-
linear response that can be described as modifying the refractive
index of the SOA medium [6]. The strength of the Kerr non-
linearity and the magnitude of non-linear refractive index (n2) in
the waveguide of the SOA is usually measured using interfero-
metric techniques [7].

Recently, several theoretical models have reported the optical
wave propagation in SOAs [8–15]. In these reports, most of the
existing models have considered non-linear refractive index as an
influential parameter, which affects the optical wave propagation
in SOAs. However, the impact of non-linear refractive index on
ll rights reserved.

gmail.com (M. Razaghi).
the FWM characteristics in SOAs has not been analyzed in detail
in previous reported works. Therefore, analysis of nonlinear
refractive index’s (Kerr effect) influences on FWM characteristics
and FWM conversion efficiency in SOAs is an important issue for
designing an accurate communication system.

The main objective of this paper is to investigate the influences
of non-linear refractive index (Kerr effect) parameter on the non-
degenerate FWM characteristics among short optical pulses in
SOAs. To obtain our goal, we have numerically simulated the
optical wave evolution in an SOA. Our analysis is based on the
modified nonlinear Schrödinger equation considering self-phase
modulation (SPM), two-photon absorption (TPA), group velocity
dispersion (GVD), carrier depletion (CD), carrier heating (CH),
spectral-hole burning (SHB), gain spectrum dynamics and gain
saturation in an SOA [8–10]. We used the finite-difference beam
propagation method (FD-BPM) for simulation, because of short
convergence time and excellent accuracy of the results [8,9].

This paper is organized as follows: Section 1 is Introduction;
Section 2 is Analytical Model, the equations, which govern the
dynamics of the amplification process; Section 3 is Simulation
results and discussion and finally Conclusions are in Section 4.
2. Analytical model

The model we have used is based on the modified nonlinear
Schrödinger equation, which explains the propagation of optical
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pulses in the SOA’s medium [9].
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where V(z,t) is the complex envelope function of an optical pulse.
The definitions of some parameters in the above equation are as
follows:
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where t¼t�z/vg is the local time frame, which propagates with
the group velocity vg of the optical pulse at central frequency. The
slowly varying envelope function approximation is used in Eq. (1),
where the temporal variation change of the complex envelope
function is very slow in comparison to the cycle of an optical field.
9V(z,t)92 represents the optical pulse power, b2 is the group
velocity dispersion (GVD), g is the linear loss, g2p is the two-
photon absorption coefficient, b2ð ¼o0n2=cAÞ is the instantaneous
self-phase modulation term due to the Kerr effect, n2 is the
instantaneous non-linear refractive index, o0(¼2pf0) is the cen-
ter angular frequency of the pulse, c is the velocity of light in
vacuum and A(¼wd/G) is the effective area (d and w are the
thickness and the width of the active region, respectively, and G is
the confinement factor). gN(t) is the saturated gain due to carrier
depletion, g0 is the linear gain, Esat is the saturation energy, ts is
the carrier lifetime, f(t) is the spectral hole-burning function, Pshb

is the spectral hole-burning saturation power, tshb is the spectral
hole-burning relaxation time and aN and aT are the linewidth
enhancement factors associated with the gain changes due to the
carrier depletion and carrier heating. DgT(t) is the resulting gain
change due to the carrier heating and two-photon absorption, u(s)
is the unit step function, tch is the carrier heating relaxation time,
h1 is the contribution of stimulated emission and free-carrier
absorption to the carrier heating gain reduction and h2 is the
contribution of two-photon absorption. Finally, A1 and A2 are the
slope and the curvature of the linear gain at o0, respectively,
while B1 and B2 are constants describing changes in these
quantities with saturation [8–10].

In our model, we have included the dynamic gain change
terms, i.e. the first-and second-order gain spectrum terms, which
are the last two terms of the right side in Eq. (1). We cannot
separate the linear propagation term (GVD term) and phase
compensation terms (other than GVD, first- and second-order
gain spectrum terms) in Eq. (1) for the individual consideration of
the time and frequency domain for the optical pulse propagation.
Therefore, it is not possible to use the common methods like fast
Fourier transformation BPM (FFT-BPM) [9]. Hence, we have
applied the FD-BPM [16]. If we replace the time derivative terms
of Eq. (1) by the central-difference approximation (8) and inte-
grate Eq. (1) with the small propagation step Dz, we obtain the
tridiagonal simultaneous matrix (9):
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where Dt is the sampling time and n is the number of sampling. If
we know Vk(z), (k¼1,2,3,y,n) at position z, we can calculate
Vk(zþDz) at position of zþDz, which is propagation of a step Dz

from position z, using (9).
It is not possible to directly calculate (9) because it is

necessary to calculate the left-side terms ak(zþDz), bk(zþDz)
and ck(zþDz) of (9) from the unknown Vk(zþDz). Therefore, we
initially defined ak(zþDz)�ak(z), bk(zþDz)�bk(z) and ck(zþDz)�
ck(z). Then, we obtained V ð0Þk ðzþDzÞ, as the zeroth order approx-
imation of Vk(zþDz) using (9). After that, we substituted
V ð0Þk ðzþDzÞ in (10) and obtained V ð1Þk ðzþDzÞ as the first-order
approximation of Vk(zþDz). Finally, we obtained accurate simula-
tion results by iteration [9].

When two optical pulses with different central frequencies of
fp (pump) and fq (probe) are injected into the SOA simultaneously,
the FWM signal is generated in the SOA at a frequency of
2fp� fq [9]. For the analysis of the nondegenerate FWM character-
istics, we have used the following equation to describe two input
pulses (pump and probe pulses), which are simultaneously
injected into the SOA [9]:

VðtÞ ¼ VpðtÞþVqðtÞexpð�iDotÞ ð13Þ

where Vp(t) and Vq(t) are the complex envelope functions of the
input pump and probe pulses, and Do is a detuning angular
frequency expressed as Do¼2pf¼2p(fp� fq). Using the complex
envelope function of (13), we get the solution of (1) and obtain
the propagation characteristics of generated FWM signal in
an SOA.
3. Simulation results and discussion

The parameters of a bulk SOA (AlGaAs/GaAs, double hetero-
structure) with a wavelength of 0.86 mm were used in our
simulation as listed in Table 1 [9]. The following results were
achieved when the input pulses had sech2 shape and were Fourier



Table 1
List of parameters of a bulk SOA (AlGaAs/GaAs, double hetero-structure) with a

wavelength of 0.86 mm used in simulation [9,20].

L SOA length 500 mm

A Effective area 5 mm2

f0 Center frequency of the pulse 349 THz

b2 Group velocity dispersion 0.05 ps2 cm�1

Esat Saturation energy 80 pJ

n0 Linear refractive index 3.6

aN Linewidth enhancement factor due to the carrier

depletion

3.1

aT Linewidth enhancement factor due to the carrier

heating

2.0

h1 Contribution of stimulated emission and free carrier

absorption to the carrier heating gain reduction

0.13 cm�1 pJ�1

h2 Contribution of stimulated emission and free carrier

absorption to the carrier heating gain reduction

126 fs cm�1 pJ�1

ts Carrier lifetime 200 ps

tch Carrier heating relaxation time 700 ps

tshb Spectral hole burning relaxation time 60 ps

tshb Spectral hole burning relaxation power 28.3 W

g Linear loss 11.5 cm�1

g2p Two photon absorption coefficient 1.1 cm�1 W�1

A1 0.15 fs mm�1

A2 Parameters describing the second order �80 fs

B1 Taylor expansion of the dynamical gain �60 fs2 mm�1

B2 Spectrum 0 fs2
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Fig. 1. Waveforms of the generated FWM signals for several values of nonlinear

refractive index: (a) for a low power regime and (b) for a high power regime.
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transform limited. The simulation results were verified through
comparison with the previously published works [4,5,8,9].

Based on experimental results, the nonlinear index of refrac-
tion will change for several reasons [17–18]. In this simulation,
the values of nonlinear refractive index (n2) ranges from
�0.1 cm2/TW to �1 cm2/TW. The simulation was carried out
for two types of input optical pulses. First condition is low power
(unsaturated gain) regime, where the pump pulse energy is
Epump¼10 fJ and the input probe pulse energy is Eprobe¼1 fJ.
Second condition is high power (saturated gain) regime, where
the input pump pulse energy is Epump¼5 pJ and the input probe
pulse energy is Eprobe¼500 fJ.

3.1. FWM characteristics

Fig. 1 shows the waveform of the generated FWM signals for
various values of nonlinear refractive index for (a) a low power
(unsaturated gain) regime and (b) a high power (saturated gain)
regime. In Fig. 1(a), the power of the generated FWM signal is
4.8 nW when the nonlinear refractive index is �0.1 cm2/TW and
its power increases to 7.2 nW when the value of nonlinear
refractive index is �1 cm2/TW. Fig. 1(b) shows that the peak
power of generated FWM signal varies from 12 mW to 22 mW
when the nonlinear refractive index varies from �0.1 cm2/TW to
�1 cm2/TW. It has been shown clearly that the power of the
generated FWM signal increases as the absolute value of the
nonlinear refractive index increases. The origin of this power
increment comes from the direct relationship between the non-
linear refractive index and the input optical pulse power in (1).

Fig. 1(b) also indicates that the peaks of the generated FWM
signals experience two shifts during the propagation in the SOA.
The first shift is through the leading edge (negative side) of the
pulse and it is mainly due to the faster gain saturation in the SOA
and SPM that occur for higher energy input signals [11]. The
second shift is due to the trailing edge (positive side) of the pulse
and it comes from the variation of nonlinear refractive index.
More detail of this peak shift is shown in Fig. 3.

Fig. 2 shows the spectrum of the generated FWM signals for
several values of nonlinear refractive index, (a) for low energy
input pulses and (b) for high energy input pulses. In the case of
high energy input pulses, the peak of the generated FWM
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spectrum experienced �20 GHz shifts to the lower frequency side
(red shift) due to the SPM phenomenon [11]. In addition, the peak
of the generated FWM signal experienced �8.3 GHz shifts to the
lower frequency side (red shift) by variation of nonlinear refrac-
tive index from n2¼�0.1 cm2/TW to n2¼�1 cm2/TW. In high
power regime, the oscillatory structures are decreased when the
absolute value of nonlinear refractive index is increased. It comes
from the negative sign of the nonlinear refractive index.

Fig. 3 shows the peak shift of the generated FWM signal for
several values of nonlinear refractive index in high power regime.
The high energy input pulses impose a shift to generated FWM
signal, because the high power input pulses make the SOA
saturated and the SPM induces the nonlinear refractive index in
the SOA medium [11]. However, with the increase of the absolute
value of nonlinear refractive index, the actual value of nonlinear
refractive index decreases because of its negative sign. As a result,
the peak shift decreases. In other words, external increase of the
absolute value of nonlinear refractive index could partly compen-
sate the index of refraction, which is induced by the SPM in the
high power regime. The peak position of the generated FWM
signal experiences a shift of �1.67 ps when the value of nonlinear
refractive index was �0.1 cm2/TW. The negative sign of peak shift
means that the peak position has shifted to the lower values.
Besides, the generated FWM signal’s peak position experiences
�1.5 ps shift when the value of nonlinear refractive index was
�1 cm2=TW.

In the case of low power regime, the peak position of the
generated FWM signal has not experienced any shift for different
values of nonlinear refractive index. It confirms that the influ-
ences of nonlinear phenomena are more noticeable in the high
power regime when the SOA is saturated.

Fig. 4 shows the full width at half maximum (FWHM) of the
generated FWM signal for different values of nonlinear refractive
index in the high power regime. Here, the generated FWM signal
has the FWHM of 7.4 ps when the value of nonlinear refractive
index is �0.1 cm2/TW and the FWHM decreases to 7.32 ps when
the value of nonlinear refractive index is �1 cm2/TW. This
relationship (Fig. 4) illustrates that the higher absolute value of
nonlinear refractive index leads to the lower FWHM of the
generated FWM signal. The physics behind this phenomenon is
that the amplification of high power pulse with high intensity
decreases the density of carriers in conduction band of semicon-
ductor in the SOA cavity. The lower carrier density leads to the
lower SOA gain. With the increase in the nonlinear refractive
index, the power of the propagated pulse increases (Fig. 1) and
the carrier densities decrease further. So, the leading edge of the
propagated pulse experiences a lower gain and its FWHM
decreases. Decreasing the width of optical pulses is useful in high
speed optical communication systems because data can be
carried in a shorter width and this leads to faster data processing.

Fig. 5 shows the time-bandwidth product (TBP) of the gener-
ated FWM signal for various values of nonlinear refractive index
in the high power regime. The TBP of a pulse is defined as the
product of its temporal FWHM and the spectral width of the
pulse. The TBP of a pulse is often used for representing how close
a pulse is to the transform-limited pulse, which is an ideal case
(parameter) for optical communication systems [8]. In the high
power regime, the TBP of the generated FWM signal is 0.431
when the nonlinear refractive index is �0.1 cm2/TW and the
value of TBP reduces to 0.426 when the value of nonlinear
refractive index is �1 cm2/TW. From Fig. 5, it is clear that the
TBP of the generated FWM signal is decreased when the absolute
value of nonlinear refractive index is increased. Decreasing the
TBP is an appropriate function in amplification process because
the pulses with lower TBP are more suitable for optical commu-
nication systems.

In the case of low power (energy) input pulses, the TBP of the
generated FWM signal remained constant at 0.371 for various
values of nonlinear refractive index.

Fig. 6 shows the generated FWM signal energy for several
values of nonlinear refractive index, (a) for a low power regime
and (b) for a high power regime. In the low power regime, the
generated FWM signal energy increased from 0.03 (aJ) to 0.044 aJ
when nonlinear refractive index is varied from �0.1 cm2/TW to
�1 cm2/TW. From Fig. 6(a), it is clear that the FWM signal energy
is increased �47%. But in the high power regime, the generated
FWM signal energy increased from 94 fJ to 170 fJ when the
nonlinear refractive index varied from �0.1 cm2/TW to �1 cm2/
TW. From Fig. 6(b), it is clear that the FWM signal energy is
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increased �81%. Increasing the energy of the generated FWM
signal is useful in optical communication applications.

For both conditions the generated FWM signal energy is
increased by increasing the absolute value of the nonlinear
refractive index. However, the increasing rate is faster for high
power regime when the SOA is saturated. It comes from the
nonlinear relationship between the intensity of the generated
FWM signal and the intensity of input pump and probe pulses.
The generated FWM signal intensity is proportional to I2

P Iq [9].
Here, IP is the pump intensity and Iq is the probe intensity. Hence,
the generated FWM signal energy will increase further by
increasing of the input pump pulse energy.

Fig. 7 shows the FWM conversion efficiency for various values
of nonlinear refractive index for (a) input pulses with low (weak)
energies and (b) input pulses with high (strong) energies. The
FWM conversion efficiency in the SOA is defined as the ratio of
the generated FWM signal’s power (energy) to the input power
(energy) of the SOA in (dB) scale [19].

In the low power regime, the FWM conversion efficiency is
varied from �54.9 dB to �53.2 dB when the value of nonlinear
refractive index is varied from �0.1 cm2/TW to �1 cm2/TW. But,
in the high power regime, the FWM conversion efficiency is varied
from �18.1 dB to �15.5 dB when the value of nonlinear refrac-
tive index is varied from �0.1 cm2/TW to �1 cm2/TW.

In both conditions, the FWM conversion efficiency is increased
when the absolute value of nonlinear refractive index is
increased. The simulation results confirm that the FWM conver-
sion efficiency has higher values in the high power regime.
Moreover, the increasing rate of FWM conversion efficiency is
faster in the high power regime. It has the same reason as
explained in Fig. 6 and it is the nonlinear relationship between
the intensity of the generated FWM signal and the intensity of
input pump and probe pulses.
3.2. Refractive index

The variation of SOA’s refractive index due to the propagation
of ultra-short optical pulses through the SOA waveguide is also
investigated. The relationship between the refractive index and
the intensity of the propagated pulse is given by the following
equation [6]:

n¼ n0þn2 � I ð14Þ

where n is the refractive index, n0 is the linear refractive index, n2

is the nonlinear refractive index and I is the optical intensity of
the propagated pulse. Optical intensity is the optical power per
unit area that is transmitted on the imagined plane perpendicular
to the direction of propagation [6].

The intensity of the propagated pulse is spatially dependent on
the refractive index. In other words, the refractive index of the
waveguide is not constant and it changes during the propagation
of optical pulse (wave).

To calculate the intensity of the propagated pulses, first we

should calculate the power of the pulse in each section of the
waveguide. Fig. 8 shows the power of propagated pulses at the

beginning of the waveguide (L¼0 mm), middle (L¼250 mm) and

end (L¼500 mm) of the waveguide. It has been shown that
propagated pulses reach their highest power at the end of the

waveguide and the maximum power is 8.08 W, when the input

pump and probe pulses energies are 5 pJ and 500 fJ, respectively.
For low power regime, the peak output power of the propagated

pulse is 68 mW.
Fig. 9 shows the value of refractive index in the SOA’s

waveguide for high power regime. To calculate the maximum
intensity in each section of the waveguide, the highest power of
the propagated pulse has been considered using the following
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equation:

Imax ¼
Pmax

A
ð15Þ

where Pmax is the maximum propagated power in each section of
the waveguide. The calculated intensity has been replaced in (14)
and the obtained refractive index is shown in Fig. 9.

Fig. 9 indicates that the evolution of high power optical pulses
with the FWHM of 10 ps and the nonlinear refractive index of
9n29¼ 1 cm2=TW has influenced the refractive index of the wave-
guide in the order of 10�4.

For low power regime, the condition is the same as high power
regime. However, the energy of the propagated pulse is weak and
the variation of the nonlinear refractive index starts from the
order of 10�7.
4. Conclusions

In this work, we have analyzed the influences of nonlinear
refractive index on the generated FWM signal characteristics in
the SOA. We obtained that the generated FWM signal power is
increased when the absolute value of the nonlinear refractive
index is increased. In a high power (saturated gain) regime, when
absolute value of the nonlinear refractive index is increased, the
waveform (pulse shape) and the spectrum of the generated FWM
signal experienced a peak shift to the trailing edge and leading
edge, respectively. Moreover, the FWHM and the TBP of the
generated FWM signals are decreased with the increase of the
absolute value of nonlinear refractive index. Furthermore, the
generated FWM signal energy (FWM conversion efficiency) is
increased by increasing the absolute value of the nonlinear
refractive indexes. So, increasing the FWM conversion efficiency
is useful for the design of optimum wavelength converters.
Besides, we have also studied the influence of propagation of
optical pulses on the refractive index in the SOA. Based on our
simulation results, we conclude that the small variation of the
nonlinear refractive index can affect the FWM phenomena in the
SOA and its effect is more tangible in the high power regime when
the SOA is saturated.
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