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Robust Stability (RS) Analysis

(s) =1+ Ap(s)Wn(s))P(s) [[Amlle <1
(s) € Iy Tlj : A set of plant models
(

hU? "Uz

i

s) :Nominal plant model

am(s): Uncertainty Weight T

s) :Controller

=

=

Robust Stability (RS) Analysis:
Given a controller K, determine whether the system remains stable for all

plants in the uncertain set.
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Continue

...................................................

War(s)FAn(s)
[ l o

[Anmlle <1
Robust Stability (RS) Test: Am (S)
Given a controller K, ||, (8)T(8)||00 < 1
(Small gain theorem) ~War(s)T'(s)
(Ref 1, pp. 276, 299)
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Small Gain Theorem

[Amfle <1 Al <1
A (s) —4| |:> |‘7 A —/|
[WM(S)T(S) M

M A- Structure

The closed-loop system is internally stable if M A is stable
and satisfies [|[MAl|o < 1

(Ref 1, pp. 155, 306)
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Continue

o Multiplicative Property of Hoo norm allows (System Gain):

o RS Test for SISO Systems:

[MA[loo < [[M|Jcol| Afloo, [Afle <1

U

|Anlso <1 and [[War(s)T(s)]loc <1

1 v

T (jw)| < Twons )| w

Note: for H2 norm: || M A || X || M||2||All2

(Ref 1, pp. 155, 306)
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Example: RS Test in SISO Systems

Nominal Plant Model : P(s) =

3
(s+1)(5s+1)(10s+ 1)

Perturbed Plant Model :  p(5) = ¢~ P(s), 0 <0 <1

_ 1
o Selected Uncertainty Weight: wp(s) = 8?52 [1’2—;21] :Z\hn....\ Bl m
o Considered Controller: K(s) = k(s ™ 0'2)(103 i 1) :E 20k =1 \~.-_./ k=15
s(0.5s + 1) g o T(jw)| . [T (w)
2 e i ]
k p— 1 V RS (k < 1.28) _1_00> : l — 1
T

(Ref 1, p. 277)

120

k=15 X NotRS

0
Frequency [rad/s]
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Continue

o RS Criteria:

Jwar (8)T(s)|loe <1 5 (war (jo) T(jw))
: | /’"\ k:‘1.5
k=1 |lwm(s)T(s)]|c =0.73 .
k=15 |lwa(s)T(s)|oo = 1.23 X \
TN

Time (Step) Response Evaluation

P D@ k=15
NS 1) RS ] 25 A A
15 o A
15 é 1
T 1 E.
5 3. 1
§0.5 Sosf W Y '
For time-delay model 0 ~
0 or time-delay mode '°'5’NS RS@ g
‘ — FOI‘ nomlnal mOdel o 10 @520 30 40 50 60 70 80
0% 40 20 30 40 50 60 70 80 Time [s]
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Example: RS Test in MIMO Systems

__________________________________________

Spinning Satellite - P(s)

—10s—10
s2+100 s2+100

i s—100 105410
o Nominal Plant Model :  p(s) = l s2+100 ss2_+110000]

0.
—s+1
—2 "~ i-19

o Perturbed Plant Model :  P(s) = [flés> fa( )] Pls) fils) = ki, +1 ’
S ?’LS D

Gain uncertainty: 0.8 < k; < 1.2

Delay uncertainty: 0 < 6, < 0.02
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Continue

o Multiplicative (Output) Uncertainty | P(s)

~

o = {P(s)| P(s) = (I + Apr(s)War(9)P(s), [|Anrlloe < 1}

Wi (s) = wa(s)Iz
0.021s 4+ 0.2

= 0.0091s + 1
(1 = 0.02L, 79 = 0.2, 7o = 2.3)
(1/7 =48)

”LUM(S)
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Continue

Rs: [lwar (s)T(s)loo <1

I-» War(5) ot (5)
P(s)A———— 1«*

900k 0
Inverse-based Controller: K, (s) = P~ !(s) 5(3630) S0k
s(s+30) 6'(WMT0)
1.2 T T T T g TTTTT
1) k1= 1.0 ] ‘
IWarTolloe = 0.635 V
MATLAB Command g°
- [SV,w] = sigma(WM*FIL.To) ; £,
2) k2= 20 hinfTo = normhinf(WM*FI.To) ~ §
”WMTo”oo = 1.985 X %hinﬂ'o = max(max(SV))
figure
semilogx(w,SV) oLt | i il
hold on; grid on; 107" 10° 10" 102 10°
Frequency [rad/s]
H. Bevrani University of Kurdistan 13

Time (Step) Response Evaluation

- rWM<s>+—AM<s) ()]
i 1
w(t)= K (s)o{ P(s)[4 l—'o-—» y(t)=1"
0 - Y2 (t) ]
1) k1 = 1.0:NSY RSy 2) k2 = 2.0:NSy/ RS X
- ~ ‘ mmm i
02 TS e ‘
— = For time-delay model _ i H M \‘ ] ’ L 1 ‘
@015 — For nominal model 201501 e Il
K T T T S ! ‘HJ“” nll Il I i
§0.1 VN g o1 ‘
- | L MATLAB Command 2 R R R
soos| SRS SN S— SR S— time = 0:0.01:3; 3,005 AT
£ 1 1 1 step_ref = ones(1,length(time)); g M 1 " |
| | : ref = [0.1*step_ref’; iRk ‘
0 ! 3 3 zeros(1,length(time))]; ol lU “” i i ‘
0 05 1 Tir:lf[S] 2 25 3 figure; hold on; grid on; . 05‘ ] : 1! 2‘ 215 I s
fori=1:100 Time [s]

Farray = loopsens(Parray(:,:,i),Kl); [yhi,t] = Isim(Farray.To,ref.time);
plot(t,yhi(:,1),'b-"); plot(t,yhi(:,2),'g-");

end

FI = loopsens(Pnom,Kl); [yhi,t] = Isim(FI.To,ref,time);

plot(t,yhi,'r-"); plot(time,ref,'g-."); 10
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MA-Structure and RS Analysis

............................. A |Alle <1
A A
= == L J
e A T LR M
K

M: Internally stable
(Nominal stability)

Robust Stability (RS) Test: |
Given a controller K, | M|l < 1
(Small gain theorem) ‘

(Ref 1, pp. 276, 301)
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Robust Stability

[Mlloe <1, M =W MWy
Unstr. Uncertainty | Perturbed Model Set [ [ My
Multiplicative (Output) | ([ + WoAW1)P T4 PK(I + PK)™! .
Multiplicative (Input) P(I + WyAWY) II,| KP(I + KP)_l T;
Inverse Multip. Output| (I — W2AW1)_1P II5 (I + PK)_l S,
Inverse Multip. Input | P (I — WQAWI)_l 114 (I + I('P)_1 =5;
Additive P+WoAW,  II5| K(I+PK)'=KS,
Inverse Additive | P(] — Wo,AW,P)~! Ilg| (I + PK)"'P=25S,P
Input Comp. Sens. Func.:  T;(s) = K(s)P(s
Output Comp. Sens. Func.: T,(s) = P(s)K (s

Input Sensitivity Function:

Output Sensitivity Function:

(Ref 1, p. 303)
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Robust Stabilization (Robust Controller Synthesis)

[Anmlleo <1

___________________________________

[»WM<8)—Z»AM<3> w . Wl 2
P (s) - 1—“—’ :> P(s) Cl) O_E

Robust Stabilization Problem:
Find all stabilizing controllers K, such that ||/ (s)7T'(s)]|ec < 1

H. Bevrani University of Kurdistan 17

Sensitivity Optimization and Robust Stabilization

o Sensitivity Optimization:

min _||[WpS||e = min |[Wp(I + PK) s
Feedback K K

HWPSHOO <7

o Robust Stabilization:

min Wy ||lso = min |[WaPK (I + PK) ™o
Feedback K K

WnT|leo =~" <1
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Robust Stabilization
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H ., Control

Robust Stabilization Problem:
Find all stabilizing controllers K, such that ”Fl (G, K) ”OO <1
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Mixed Sensitivity
Nominal Performance (Np) _ Dualityand Robust Stability (RS)
Complementary
[WpS]|eo < 1 [WyT|e <1
e T P
> Wp(s)—> i
w | U w ! U Yy 22
:? > K(s)—| P(s) —rb?—v K(s)b— P(s) W (s)H—>
A s A
[dB] Mg < 2 1 [dBI}S My < 1.25
W 5(S) (W) 1
0 l}/ U( ) " P, /7'
0 w
1
5’(””]\[)
0 : Maximum Singular Value 5(T)
O : Minimum Singular Value
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Mixed Sensitivity: Stacked Requirements

P(s) A= |
L A A Fommme e
Kk ~ Control
Mixed Sensitivity Problem: Find controllers K, such that: Wels)5(s) <1
© y ' ’ NWWam(s)T(s)||
Se;:\;rzz} o222 University of Kurdistan 21
S/T/KS Mixed Sensitivity
e T Wp(s)S(s)
o (s = Wu(s)T(s) |w
LSO W propey ) W ypey KN e R = Wu(s)K(5)S(s)
= =1
R Z e
w0 G() BN |2 w——1 g [T *
! Z2 :
‘ Wt ()= ! _|
> Wu(s)-.—’i3 E> ‘ K .
s P(s) =3
w| BT H_, Control
K(s) e
WpS
o S/T/KS Mixed Sensitivity Problem: Find controller K, such that: WMTS <1
W.K
(Ref 1, p. 62) 0
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Multivariable Loop Shaping

Loop Transfer Function d; d
e ——u b u |
K(S) —>O—p>

-

Loop Transfer Function at
the input to the plant

Li(s) = K(s)P(s)

Input Sensitivity Function:

Si(s) = (I + Li(s))™*

Input Comp. Sens. Function:

Ti(s) = Li(s)(I + Li(s)) !

P(s) 4>O—L—>Z/
n

Loop Transfer Function at
the output to the plant

L,(s) = P(s)K(s)

Output Sensitivity Function:

So(s) = (I + Lo(s)) ™

Output Comp. Sens. Function:

To(s) = Lo(s)(I + Lo(s)) ™"

(Ref 1, pp. 341-344)

L=L, S=S5, T=T1T,

H. Bevrani
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Loop Shaping: For High Frequency

T=LI+L)"!

Ifo(l)<1, a(L)~a(T)

1 Robust stability,

Noise attenuation,

Control energy
reduction boundary
/7
v/ -

] I
RS) o(T) <~ = (W) .
O o(L) < o(Wy), if 5(L) < 1 (W)

o Noise attenuation: a(T),a(L) Small (L)
o Input usage (control energy) reduction:  0(KS),5(K) Small

o RS to an additive perturbation: d(KS),o(K) Small

o RS to a multiplicative output perturbation: (7) , (L) Small

H. Bevrani
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Loop Shaping: For Low Frequency

1
o(L)-1< m <o(L)+1
1
Ifo(L)> 1. gu{) ~ o5 6

(NP) 5(5) <
Coa(l) > a(Wp), lfa( ) > 1

Q|

Open/Closed-loop Objectives (o(L) > 1):
o Disturbance rejection: 5(5) Small , Q(L) Large

o Reference Tracking: & (T)~ o(T)~1,c(L) Large

Performance
boundary

H. Bevrani University of Kurdistan
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MIMO Loop Shaping

z

Uncertainty [Ex.]
(L) 0 : Time Delay

: Unstable Zero

?//U(Wp)

ff/

1.15|p| 2p 1 ©b
T

Performance [Ex.]
P : Unstable Pole

% : Required Response

J. C. Doyle and G. Stein, “Multivariable Feedback Design: Concepts for a Classical/ModernSynthesis”, IEEE TACSpecial Issue on Linear Multivariable Control Systems, 26-1, 1981

H. Bevrani University of Kurdistan
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Example

: Spinning Satellite

-----------------------------------------------------

s—100  10s+10 | Lo (s) G
Nominal Model: P(s) = | 51100, =400 ; PLS) i
§) = | Z10s—10 s—100 w! u Yy L 29
s2+100 524100 _!"?_ " K (s) = P(s) »" War(s) >

o Performance and Uncertainty Weights

Wp(s) = wy(s)lz, Wa(s) =wn(s)lz,
w (S) . 0.bs+11.5 ’LUM(S) = %
P s40.115 : 60
wy=11.5, My =2, A=0.01 (1/7 =48, 10 =02, roo =2.3)
o Inverse-based Controller %20
900k 0 é °8
Kinv(s) = P_l(s) 8(5630) 900k =20
s(s+30) a0l f
MATLAB Command go LM L L 3‘13
040 <k <1.64 NS '|/ RS '|/ sigma(Fl.Lo WP.inv(WM)) 10° 10 Fr;(;uency [:aod/s] 10 10
H. Bevrani University of Kurdistan 27
Robust Stability in SISO Systems
v L
lwyT]leo <1 << |wyl| <|1+ L], w T:—1+L

Nyquist Plot:

V|wyvL| <1+ L] w X wyL| > |14+ L| “w
Im

—1
o - e 1+ LGjw)| ="
II ‘\\ . s O Re
1+ LG N4 1y FE) -
: 7 . | .
war (jo) L)) lwar (jw)L(jw)]
4 L(jw)

L should not encircle the point —1, VT,
L=PK=L+wyLAy |Aule<1

University of Kurdistan
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Mixed Sensitivity: Stacked Requirements

Mixed Sensitivity: HWp(S)S(S) 1 { NP: [[Wp S| < 1

War(5)T(s)| . = |1 RS: [WarTllo <1

wp(jw)S(jw)

= maxo ([wM(jw)T(jw)]> .

) < V2max{a(WpS),5(WaT)}

oo

max{a(WpS),s(WnT)} < & ([

o For SISO Systems:

’LUMT

G ([“’PSD = /|wpSP2 + Jwy T2

SISO Robust Performance:  ||wp (jw)S(jw)| + |wy (Jw)T (jw)| < 1, Yw

(Ref 1, pp. 282-285)
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Loop Shaping

Loop Transfer Function: L(s) = P(s)K(s)

1
S_1+L
_|_
Constraint
IL|>1— 5«1 S+T =1 L« 1—|T|<1

large small small small

Loop Shaping 4B]1
Closed-loop S, T

Open Loop L

Stability, Performance, Robustness
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Example

4 »
P) = D00 1) §

1
K(s) =125 (1 + 1.253)

=)

Magnitude [dB]

)
=1

o Gain Crossover Frequency: w. = 4.9 [rad/s] |L(jw.)| =1 w0,
o Stability Margins: o
Gain Margin: GM: 2~5 (6 ~ 14 dB) ;zz
Phase Margin: PM : 30° ~ 60° 9
Time Delay Margin: § = PM /w, ° " Frequency[r;ﬁm "
s
E>Stabi|ity Margin: S, = 1/Mg : 0.5~ 0.8 » / G
10 Re
GM =18.7 PM =59.5° Par\ :
\\-’/
(Ref 1, pp. 32, 34) L(jw)
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Continue

o Frequency Domain Performance

Mg =1.19 Mp =1.38
Mg < 2 Mp < 1.25 i
wp = 2.6 [rad/s] wyr = 7.8 [rad/s] N
we = 4.9 [rad/s] ::' W1 1} Wyt

wC 1
Frequ....5"rad/s]

wp<we<wyr (PM <90°)  GM =18.7 PM = 59.5°

o Maximum Peak Criteria

Mg _ [Ex.] Ms=2
GM > PM >2sin™! [ —— s
= Mg -1 = <2M5>[ra] — GM > 2, PM > 29.0°

> [rad] [Ex.] Mr=1.25
5 GM > 1.8, PM > 46.0°

1 1
GM >1+ — in~!
= +MT’PMZ2SIH <2MT

(Ref 1, pp. 34, 36)
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Bode Gain-phase Relationship

[dB]40

Loop Shaping Specifications

o Gain Crossover Frequency W,

o Shape of L(jw)

o System Type, Defined as the Number of
Pure Integrators in [(s)

o Roll-off at Higher Frequencies

(Ref 1, pp. 41, 42, 343)

, 7 (dIn|G(jw 20" [L(jw)| -
LG(Jwe) = = M . o , ,
2 dlnw e (minimum phase systems) ol |
Ne —40 5 = 0 1 2
10 10 10 10 10
) [°] © :
Slope of the Gain Curve at W, 00 /L(jw)
ne=—1— LG(jw.) = —90° —1sem
ne = =2 = LG(jwe) = —180° iy 10" 10° 10' 10°
Sharp Slope: Small Phase Margin [dB] o0 . w rad/s]
50 ) o ~....
o Example: ° 2 T~—2
30 1 - i ~.‘lnn
L(S) - (S + ) [01»108
(s +0.01)2(s + 10) SN .
l\
(Ref 1. pp. 18, 20) 10 10 10 w1[0rad/s] 10 10 10
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SISO Loop Shaping
[dB]

2p Wh
Robust Stability

We

(+ Roll-off)

w [rad/s]

H. Bevrani
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Thank You!
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