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Stability and Performance in MIMO Systems

NS: Nominal Stability ?_ﬁ' K u, P
Stable S, T, PS, K S
RS: Robust Stability AW P(s) |
W A .
y K uiv ‘ P E
IWuT|oo < 1| [|AMm]le <1 f—
NP: Nominal Performance w
J u _.cL, Wpl=
IWpS]|e < 1 gy =Sy s
RP: Robus~t Performance~ , u ZQUJQ p(s)ufwl .
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(Ref 1, pp. 300, 316-320)
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Structured Singular Value (u)

Multivariable Loop Shaping » Structured Singular Value
Via Singular Values o
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A Framework for Robust Stability/Performance Problems
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(Ref 1, p. 298)
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Continue

AM <
Ay ke
o W (s) L J
w | WP(S) > Z‘ N B N]_]_ N12
>0 P(s) ? W, |Noy Noo| 7
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N
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(Ref 1, p. 298)
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Continue
A
N= Ni Nig| _ |-WuTr —WyKS,
Nai Noo WpS,P WpS,
N= N1 Nio
w—» N21 N22¢ —»Z

o LFT: z = F,(N,A)w
F (N, A) = Noa + Nog A(I — N1 A) 71Ny

o Nominal Stability (NS): Internally Stable: S, T, PS, K S

o Nominal Performance (NP):
NSand [[Noofloe = [WpSolloo <1 (1(Noz(jw)) < 1, "w)

(Ref 1, p. 300)
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Continue ...

Z

e

w = Nay Nag

—_—

o

o RS: Robust Stability

[N11loe = ||WMTI||OO <1 ([L(Nll(]W)) < 1, VCU)

o RP: Robust Performance

RSand [[F,(N,A)flec <1 A, [[Afloc <1

(Ref 1, p. 300)
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More Continue

o Nominal Performance (NP):

p(Noa()) <1, | ]
22
w
R
Ul k()| e »O—>| P(s) o Wp (5)}—>

i —— *”

H. Bevrani University of Kurdistan 10



More Continue ...

o Robust Stability (RS): A
p(Nu(jw)) <1, Yw [_N -

Wi (s)F—> AM
Yy ul_'/_\

a K(s) > P(s)
T =T

H. Bevrani University of Kurdistan 11

More Continue ...

o Robust Performance (RP):

I (N, A)floo < 1 VA, [JA]|os <1

T T ——"




Robust Performance and Structured Uncertainties

J §

Ap< -

w N z

A A 0
A p : Fictitious “Performance Block” A =
0 Ap

(Ref 1, p. 317)

H. Bevrani University of Kurdistan 13

Robust Performance and Structured Uncertainties

A

A
N

Theorem:

RP & ||Fu(N,A)|l < 1, 7Aoo < 1
& pa(NGw) <1, Yw

(Ref 1, p. 317)
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Structured Singular Value (u): Definition

For M € C"*", ua is defined

pa(M) = 1

min{s(A)|A € A, det(I — MA) =0}
unless no A € A makes I — M A singular,
in which case pua(M) :=0,

(Ref 1, p. 306)
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What is u?

o Main Loop Theorem:

pA(N) <1 & det(I - NA)#£0, "A,5(A) <1

Proof:
det(I — NA)

_ [Nt Niz| |[A 0 _ I -Ni1A  —NpAp
= det <I le NQQ] {0 AP]>_detl—N21A I — NyAp

= det(I — NllA) . det(I — (N22 + NglA(I — NllA)_1N12>AP>
= det(] — N11A) . det([ — FU(N,A)AP>
# 0, vA7V Ap ”AHOO <1

(Ref 1, p. 317)

H. Bevrani University of Kurdistan



Continue

det(I —NA)
= det(] — N11A) -det(I — F,(N,A)Ap)
£0, YAY Ap [|A]lo < 1
\ 4
{ —N11A) £0, YA, 5(A) < 1
t(I — F,(N,A)Ap) #0, "Ap,Y A
A(N1) <1, Yw Robust Stability
pap(Fu(N,A)) <1, Yw Robust Performance

(Ref 1, p. 317)
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Structured Singular Value (u)

pa(M) <1 <= The A : 0( )

< det(I — NA) #£0, "A, 5(A) <1
Stable in Large  /\ “ Good” Optimal Control Small
Unstable in Small A “Bad” Optimal Control Large

o Example:

) p=20 (>1
(i) 0 =0.66--- (< 1)

= 0.5 (<1) Small
=1.5 (>1) Large

Ql
VW N[

202
Lol
||

(Ref 1, p. 306)
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Mathematical Properties of u

o uof aScalar

meC, 6eC| (1-md)=0

1

1
| = —
9] m

A4

m

ps(m) =

mzre”’, J) =

1
Zed
’

L

ps(m) = |m|

(Ref 1, pp. 309-312)

min{|d| |1 —md = 0}

m=0

(1-md) =0 [o]= L - L
7| |ml

pa(m) =0
0| 1 " Re

= [ml
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Mathematical Properties of u

o u of Full Block

Mechn, A:[A]ECTLXH

M =USVH,
A = (1/0’1)7}1’&{{

pa(M) = o

M)

Equal to the maximal singular value
in the absence of the structure

det(I-MA)=det(I — USV7viuf Jo1)=1 - uf USVHv, /o1 =0
U1, V1 : Istcolumns of U, V, o1 =6(M) *." det(I — AB) = det(I — BA)

(Ref 1, pp. 309-312)
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Mathematical Properties of u

o Special Case of 2x2 Matrices [ S ] Im
[t _[é61 0] _ |s|
M = [3 8} JA = [O 52- rank(M) =1 M _
[t ot [ 0] [t ek s
MA = L S] lo 52] = _s] (61 &2] =1 MA
det(I — MA) =det(I — MA) =det(I — AM) =1 — t5; — 50,

1
e Lt =86 =0 pua (M) = |t| + |s|

01 O
0 9o

|01] = |d2] =

o Scaling

mir Mmia| mi1  dmya
2 =K1
m21  MMa22 gM21  Ma22

University of Kurdistan
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Mathematical Properties of u

o Example:

o[22 2]_[0894 0447] [3.162 0] [0.707 —0.707]"
~|-1 -1| T |-0447 0894 | 0 0| |0.707 0.707

1) Full perturbation

1 [0.707 0.200 —0.100

A= 36 [0.707} [0-894 —0.447] = [0.200 —0.100}
1

5(A) = —— =0.316 M) = = 3.162

7(2) = 3762 alM) = 2055

pa(M)=a(M)=+/2-12]24+2-| — 12 = 3.1623
2) Diagonal perturbation

o 0] _[3 O
A—[o 52H0 —%]EA
1

F(A) =0.333 =

H. Bevrani

University of Kurdistan

22




Stability of Closed Loop Systems

Unstructured Uncertainties Structured Uncertainties
AN
A = l A] = A = diag{A;} = A,
0
Full block
Al <1 Al <1
ANEN _Al 0
0 A,
UA yn ua yn
M - — M
Ml <1 (a(M)<1) pa(M) <1
(Ref 1, pp. 301-303) (Small gain theorem)
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Stability of MA-Structure
A _
1 0 A :
A = diag{A;} = Al ua yn
(Structured) 0 ’
I | M

{yA:MUA :>yA:MAyA — (I—MA)yAZO
det(I — MA) =107

A=0:det(I —M-0)=1%# 0 (Stable)
det(I-—M/\)=0!

un = Aya

det(I — M) #0

A

A — Large

| M

(Ref 1, p. 301) Stable

A

M

Unstable
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Continue

A, . A — AZ . A
8T A : A | 1 un ya
0 A — _ Aj_ Iy
7(A) = max{a(A,))

o Determine the size of A which makes the system unstable, when we make the
structured uncertainty A large gradually.

o Find the smallest structured A satisfying det(l — M A) = (0 and determine the
size G(A).
w(M)™t = mAin{ﬁ(A)\det(I — MA) =0 for Structured A}

H. Bevrani University of Kurdistan 25

Robust Performance in SISO Systems

————————————————————————————————————————————————————————————————

(Ref 1, p. 322)
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Continue

paA(N) <1 A

A

N — —’LUMT —’UJMKS
N ’LUPPS pr

x P
[—wMT —wMKS]: |:—wMT —’UJMT

N

]:|quw+waS\<1,Vw

wpSP wpS wpS wpS
xP! (T = PK(1+ PK)~! = PKS)
Structured Uncertainty

mrA:[& O]J{m“’mﬂ=ulﬁﬂ e I R RN

0 6o ma1  Mag GMa1 M2 s s

(Ref 1, p. 322)
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Bounds of Structured Singular Value (u)

< <|min & -1
max p(MU) < pa(M) <|min o(DMD™)

[bounds, muinfo] = mussv( M, blk, option )

Output argument: Input argument:

bounds: Upper and lower bounds of u M: Frequency transfer matrix
muinfo: Information on these bounds blk: Structure of uncertainty

o Information on the bound can be extracted by the command mussvextract

Option:

‘a’: These bounds are computed to the maximal accuracy of LMI solver
‘f’: Only the upper bound is roughly computed

‘U’: Only the upper bound is computed

‘%": The lower bound is roughly computed

H. Bevrani University of Kurdistan



u-Analysis for Robust Performance

A

N

g

l

—
paA(N) <1

employed:

A
N
Since it is computationally hard to obtain y, the bounds are ﬂ

max p(NU) < pia(N) < min 5(DND™Y)

vecu

DeD

. 1 ety E—
min ¢ (DND <1 L[ '
DED ( ) wt D> N > D iz
D-Scaled maximum singular value N ——— 4
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Example: Spinning Satellite
Inverse-based Controller and Hoo Controller: Frequency Response
I [ NS V Hoo Controller
900 0 -
Ki(s) = P~Y(s) [S<863°> 900 ] 4\ hinfsyn NP vV [[WpSe <1
2(s+50) RS V [[WuT|s <1

= N W
o O O
T

,,,,,,,,,,,,,,,,,,,

,,,,,,,

,,,,,,,,,, P3RS
- —=48 rad/s

———————————————————————————

Magnitude [dB]
o

1072 107 10°

10°
Frequency [rad/s]

102 10° 102 107! 10° 10’ 102 10°
Frequency [rad/s]

H. Bevrani
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Example: Spinning Satellite

Output Uncertainty P(s)
0.1] wi(?) ui |~ | yi(t)
Inverse-based Controller and ~ w(t)= no'amale » | P >
. 0 ] wa(t) g —>/2(5)] =4
Hoo Controller: Time Response | 'S o — g
Ulgverse-based Controller w(t) = [8; ::)I:((Z?)] ﬁz:: Hoo Controlleir
i‘:}; w = 10 rad/s go@a
é 004 ——— Reference %0'04 NS V
2o0 —— Nominal Model g0
0 NS v — — Perturbed Model ) 0
0.02 25 3 NP v .
015 05 1 Tir;es[sl 2 25 3 015, 05 1 Tir:‘f[s] 2 25 B 3
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Example: Spinning Satellite
Inverse-based C(?ntroller and Input Uncertainty P(s)
Hoo Controller: Time Response w1 (t) = 0.1 un .
for Input Uncertainty wa(t) =0 @ K(8) {u LEANEI g J yi(t)
T =Ifz(o)= P skew I_' Yo (t)
Inverse-based Controller ors Hoo Controller
. 0.12
§ 7 o1
£ oo
-*g ——— Reference £ 006
2 —— Nominal Model % 0.04 |
5 — — Perturbed Model % 0.02f
o g off
< ’
0.02
0 05 1 15 2 25 3 004 0.‘5 1 15 2 2:5 3
Time [s] Time [s]
NS VRS V (npu) NS V RS V (npuy

NPV RP X NPV RP X
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Example: Spinning Satellite

Input Uncertainty

e s)={A 5
cf%fc(s) “r __________________ M—L»val o=

o Generalized Plant % Ay

; G(s) :
wli » Wy (5) ; >
z=F(G,K)w —
t P\S) t
~WuT, —WyKS w2, _$| E
Fi(G.K) = v o i »O—| P ;
l( ) ) |:WPSOP WPSo (s) i
u Yl
K(s) |
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Example: Spinning Satellite
A
MATLAB Command T = () """""""""""" g
%Generalized Plant% wli E War(s)
systemnames = ‘Phom WP WM; e
inputvar = '[w1(2); w2(2); u(2)]’; » § Wp(s) : >
outputvar = 'TWM;WP;-w2-Pnom]; g S P(s) l | <2
input_to_Pnom = "fu+w1]; : - §
input_to_ WP = '[w2+Pnom]’; Y Y
input_to_ WM = "[u]"; | K(s)
%with Strgctured Uncertainty% % Ay i
unc1 = ultidyn('unct,(t 11, i heeeed G
unc2 = ultidyn('unc2',[1 1]); A, — orm1 O | L,
unc = [unc1 0; 0 unc2]; 0 e w___: —
Gunc = ft(unc,G); Structured Uncertainty o y
K :

H. Bevrani University of Kurdistan 34




Example: Spinning Satellite

| -
p-Analysis of Inverse-based N N Wl W KS M
. _ _ 11 N1 | —Wamdy —Wait 5,
and Hewo Control Designs N = Fi(G, K)= le le = {WPS(,P Wps, Ap
Inverse-based Controller Hoo Controller " N
35 T T ]()d/ a5 - ’w—> z
3 P ralll ° lrﬁiii | 34 ; 10 rad/s i
25 B
° 25
) g
;%1.5 - E)
=
1
05 SRR o o
0 mmwsrmsnaii ARy — o iiiy TR VUi | ———
1072 107" 10° 10’ 10? 10% 102 107" 10° 10" 10° 10°
Frequency [rad/ Frequency [rad/s] N
fia,(Naz) =0.5847 e v par(N22) =06331 NPV
pan (N11) =0.6569 RS V' (input) pay(Nii) =0.6416 RS V (Input)
ps(N) =33644 RP X pi(N) =29159 Rp X
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Example: Spinning Satellite
Time Responses of Closed-loop ” Input Uncertainty P(s)
system with p-Controller wy(t) = 0.1 y1(t)
Y " N —— —{71 (s} —>
wa(t) =0 4~ K (s) |u - ya(t)
e »/2(5) skew: I—’
0.14 :
e T S e
@ 0.1 f Y
S :
B T N e
Py
5008 NSV RS V
2 004
< NPV RPYV
S g02f---+
g 0
<
002 T y2
-0.04 : :
0 05 1 15 2 25 3
Time [s]

H. Bevrani University of Kurdistan
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Example: Spinning Satellite

u-Analysis of u Controller

4\ mussv

1.2

2

Ni1 Nig| | -WuT;, —WyKS,
Nop Noo| | WpS,P WpS,

pap(Naz2) =07936 NPV
pa, (Ni1) =0.6001 RS
pa(N) =0.9898 RP

S

0.8 = o
()
E
"éo.e — RP |- 1
2 — RS
0.4 NP *********
0.2 ‘
|
0 1 1
1072 107! 10°

Frequency [rad/s]

MATLAB Command

Blk_unc=1[11;11];

Blk_per =12 2];

Blk = [Blk_unc; Blk_per];

%%%

w = logspace(-2,2,200),

Nf = frd(N,w);

%%% mu for NP %%%

Nnp = Nf(3:4,3:4);

[MuBnds,Mulnfo] = mussv(Nnp,Blk_per,'c’);
muNP = MuBnds(:,1);
[muNPinf,muNPw] = norm(muNP,inf);
muNPinf

%%% mu for RS %%%

Nrs = Nf(1:2,1:2);

[MuBnds,Mulnfo] = mussv(Nrs,Blk_unc,'c");
muRS = MuBnds(:,1);
[mMuRSinf,muRSw] = norm(muRS,inf);
muRSinf

%%% mu for RP %% %
[MuBnds,MulnfoRP] = mussv(Nf,BIk,'c");
muRP = MuBnds(:,1);
[MuRPinf,muRPw] = norm(muRP,inf);
muRPinf

% %%

figure; sigma(muNP,muRS,muRP)

H. Bevrani
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u-Synthesis: D-K Iteration

[k, cl, bnd, info] = dksyn( G, nmeas, ncont, option )

o Input argument:

o Output argument:

G: Generalized Plant

nmeas: Number of measurement outputs

ncont: Number of control inputs

k: Controller

cl: Closed-loop system which consists of G and K

bnd: Upper bound of u
info: Information of Iteration

o Note: use dksynOptions/dkitopt to create option

H. Bevrani

University of Kurdistan
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u-Synthesis: D-K Iteration

m}én max 14 (N(jw))

At present there is no direct method to synthesize a u -optimal controller.

minmax min & (D N (jw)D !
w D_ED ( w (] ) w )
Scaled
min <min||DN(jw)D_1||oo> Hoo
K DeD Control
z=F(G,K)w
N A | _N=RG1)
- —
w —,) A
w=| N =z u Y.
u Y i :
(D-Step) K 5 sl
p-analysis < (K -Step)
Structured Uncertainty D K -iteration H . -synthesis
(Ref 1, p. 328) > >
H. Bevrani University of Kurdistan
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Robust Stability for Block-Diagonal Perturbations

Theorem: Assume that the nominal system M(s) and the perturbations A(s) are
stable. Then the MA-system is stable for all perturbation with y
F(A(jw)) < 1, Yw = pa(M) <1, "w
or
1

F(AGw) < 5, Yo <= pa(M) < B, Yw

Structured Unstructured
Ay
0
: Ak
0 A,
(Ref 1, p. 314) ’LLA(M) < 1 Vw /J/A(M> — 5-(M) < 1 Vw
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Structured Uncertainty

Block Diagonal
A Ao
G Unstructured 0 A P
LOG a Structured
NS, NP H. (5) _a
NS, NP + RS 1L
o Feedback System with Structured Uncertainties +RP
I e W (VAN [ [Alleo <1
A A
UA YA
UA (77N
LS M
u Y
) M A -structure

H. Bevrani
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Bounds on Structured Singular Value u

o Example:

< <|min —1
max p(MU) < pa(M) <|min 6(DMD™)

M = [ 21 21] Special case of 2x2 Matrices 4\ mussv
: on 0 11 6
1) bk= A= i) bk= A= | 12
( ) [ 0 522 ( ) d21 022
Structured (Block Diagonal) Unstructured (Full Block)
MATLAB Command MATLAB Command
M=1[22;-1-1]; M=122;-1-1];
blk =[1 0;1 Q]; % structured blk = [2 2]; % unstructured
[bounds,muinfo] = mussv(M,blk); [bounds,muinfo] = mussv(M,blk);
Result Result
bounds = 3.0000 3.0000 bounds = 3.1623 3.1623

pa(M) =12+ -1 =3 pa(M) = (M) = V10 = 3.1623

H. Bevrani
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Mathematical Properties of u

o Lemma:

o Properties:
2.

(Ref 1, pp. 309-312)

3
4,
6

pa(M) = AIQ%XA’)(MA) BA={AcA:5(A) <1}

where p(A) := max |\;(A)| denotes spectral radius of matrix A .
2

) for A = {81 : § € C} (Repeated Scalar Perturbation)
) for A =C™*" (Full-block Perturbation)

<ag(M), {6I:6eC}cAccC™™

DA =AD, DeD,AecA.

Then, ua(DM) = pa(MD), pa(M) = pa(DMD™)

U={U¢c A:UU" =1I,} (Unitary Matrix)

D = {diag(dilm,, - sdp—1Ilmp_,  Imz) : di € R,d; > 0}

Upper Bound and Lower Bound (Reduction of Conservatism)
- —1

max p(MU) < ua(M) < min o(DMD™")

H. Bevrani
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Computation of Upper Bound of u

< min & -1
pa(M) < ming(DMD™) <

b

G(DMD ™) < o (DMD Y DMD™! < 521

o MPDHDM — 82D D <0
2

. . ) H a2
52%mﬁ1n{6.M DM — 5“D < 0}

It may be solved using LMI

(Ref 1, p. 336)

H. Bevrani
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Upper and Lower Bounds of u

veu

max p(MU) < pa(M) < min o

(DMD™1)

o Example: m=|t ! LA = or 0
0 09

s S

Lower bound U = diag{e’?, 1}

MU) =
g P(MU) = mg

Same uncertainty

Jé .
tr(lteM) t])‘ = max|te’? + 5|
sel? s P

Upper bound D = diag{d, 1} (IIAIIF = 1/20?(’4))

(DMD™") = |DMD || = /|t|? + [dt]2 + |s/d|? + |s[2

NewM: DMD™ !

min (DM D™1) = min VL2 +|dt? + [s/d? + |s|2 = |s| + [t| = pa (M)

DeD

2S+F<3= ,uA(N)zlr)nei%&(DNDfl)

Structured Uncertainty A = diag{d,7,---,0sI,Ay, -+, Ap}

H. Bevrani University of Kurdistan
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Upper and Lower Bounds of u

Repeated Scalar Complex Perturbation Full-block Complex Perturbation
o 0
aA=| | =wr:5ecy A= A = gnxn
0 o
pa(M) = p(M) pa(M) =a6(M)

p(M) < pa(M) < 5(M)

o Theorem (Upper Bound and Lower Bound):

Structured
Singular Value

< pa(M) < min 6 -1
max p(MU) < pa(M) < min g(DMD™)

U={UecA:UU"=1,}
Unitary Matrix

D ={D: DA = AD}

U

LMI
(Ref 1, pp. 309, 310)

H. Bevrani University of Kurdistan
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Robust Performance in SISO Systems
RS: Robust Stability

NP: Nominal Performance

lwpS| <1 "w lwyT) <1 w

A4 v
|’wp <|1—|—L| w |’LUML|<|1—|—L| w
wp(jw)|  fIm q fm
[0 Re ¢ /10 Re
4 — Robust stability, .
U(L) Noise attenuation, |1 + L(]w” L(jw)
Control energy 4_L
reduction boundary | \\
5 1 fwas (o) L(je)] \
w
7 1
o (W)
Performance
boundary
a(L)
(Ref 1, p. 281) Loop Shaping
University of Kurdistan 47
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Robust Performance in SISO Systems

o RP: Robust Performance lwp(jw)] Im
- /

(beyond Loop Shaping)
° 710 Re

lwpS| + |wyT| < 1, "w

1+ L{jw) .
ﬂ <__}_L(.w)
wp| + WL <[1+L] Yo \

48
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Thank You!
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