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Key points for Loop Shaping
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Phase Lead-lag Compensator Design

a(Ts +1 20log|K (jo)| [dB]
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Phase Lag Compensator Design

U Comparison with PI
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A Design Example

- T _ , K >10
P(s)= S +10) Find Controller K(s) to satisfy: PK/I > 4(°

Step 1: Focusing on the PM and gain crossover frequency, the controller gain K
must be determined so that the desired transient response characteristics can be

obtained. [ L T I R 1 S I R4
P » =08 [rad/s]]

g

Gain crossover frequency: @ ~ 0.8 S T
9 y g¢ 20 - I\ ]

-90 : i

Phase margin: PM =47°
which meets PM > 4(0°

'PM:‘47°[|T; i
-180 : —— N

J— -2 ~1 0 1
- K =1 10 107 rad s 10
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A Design Example

Step 2: Draw bode diagram of open-loop transfer function resulted from Step 1
and evaluate its low frequency gain.

Open-loop transfer function:

s(s+1)(s+10)
K =1
Speed deviation constant: (K=D
K,'= lingsL'(S)
: 10
=lim —

520 (s +1)(s+10)

The required low frequency gain is 10 times

ormore: K >10

H. Bevrani University of Kurdistan 10




A Design Example

Step 3: Considering that the low-frequency gain increases by +20loga[dB]
the parameter & must be determined to satisfy the required steady-state
characteristics.

20bga i
.. . [dBT—
The minimum required

low frequency gain is & g 4g/x( ja)| [dB]

—20dB/ dec 40} P B
K 2 10 20logak H S 20 L a)gc = 08 [racl/s]
v 20loga 8 0
@ 2010gK———-E————_ ool
1/aT /T d/
/a o [rad/s] %
a=10 ZK(jo) S
0° E
-150 i
o : ] P PM =47
BN e Rt el ~180 . : "
o [rad/s] 10” 10" 10° 10

@ [rad/s]

H. Bevrani University of Kurdistan 11

A Design Example

Step 4: To keep the stability against the phase delay, select the corner frequency
W= l/T about 1 dec below the gain crossover frequency. Then determine second
corner frequency @ =1/(aT).

T =10 (w=0.1): the corner frequency is sufficiently smaller than the gain

crossover frequency dB] \ 1/aT 1/T
wgc 40 -

. 1 §of-mmmmsmre- =) iy = 0.8 [rad
— =001, —==0.1 & TS 2o 9. =080
T 001 T © /ol | S of ‘ : |

(04 1

\/ 1) [rad/sj 107
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A Design Example

Step 5: Construct the compensator using the determined parameters (K, oz, T ).

L(s) = P(s)K(s)

Phase lag compensator: K(S)ZKM 1/aT /T
als+1 ~~_7 . 7
K=1,a=10, T=10 _ 0, =0.8radls
K(s)=1.1000s+D) 3
10-10s+1
_ 5+0.1
s+0.01 %
Gain crossover frequency: @, = 0.8 rad/s &

Phase margin: PM > 40°
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A Design Example

Step 5: Construct the compensator using the determined parameters ( K, ., 7).

L(s) = P(s)K(s)

1/ aT /T
Phase lag compensator: K(s):Ka(TSH) S~

K=1, a=10, T=10 -
100105 +1)

10-10s+1
s+0.1

s+0.01

I/s

K(s)=1

Gain crossover frequency: @, = 0.8 rad/s

Phase margin: PM > 40° 107 107" 10° 10'
w [rad/s]
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Evaluation

Speed deviation constant (steady characteristic): K >10 V | L(s)=P(s)K(s)
Phase margin (damping characteristic): PM >40 V = 10(s +0.1
s(s+0.01)(s+1)(s+10)
K, :lin(}SL(S):%ZIO \/ PM >40° o, ~0.38][rads] ‘|/
Step response ]/ Ramp response '|/
1.5 15
1 10
~ ~
= =
~ =~
0.5 No Compensation 5
[ |
—— With Phase Lag 0
0 | ‘ .
0 10 20 30 10 15
t[s] t[s] -
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Phase Lead Compensator Design
Ts +1 2010g|K(ja))‘ [dB]
K(s)=K (a<l) ' +20dB/ dec
als +1 20log(K / a) :
Stabilizing transient characteristics 20log(K /ar) :
1 1 20log K 1 _1J _ﬁ_lr_n_es
Phase lead — << — : . .
L of Phase VT © 0, 1o
Note: High frequency gain is increased. Noise ZK(j@) :

amplification degrades Robust stability!

Angular frequency where the phase advances most

1
. = 7=
max '\/ET
: : -a
Maximum value of phase lead: sin ¢, = ——
I+«
W = Wmax , the gain becomes —— times.

Va
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Phase Lead Compensator Design

L=PK,
1 - 1 | Im el 1 1 Im
. Re Re
K =10 L Gain compensaty
K=3 KI
Phase lead compensation
K=2 K =1
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Phase Lead Compensator Design

U Comparison with PD (K (s) =K Is+l (x<1)
Ts+1 20log|K (jw)| [dB]
4 I ¢ +20dB/dec
(K©O)=K, K(=)=K/a) 20log(K/a)fr = = = = === = = :
l 50 20log(K /Na) == ===~ _
20log K ——— o = —— —

K(s)=K(Ts+1) % : T R
Phase /T Ot 1/ a]i
ZK(jo) : : :

Kpp(s)=Kp(Tps +1)

Note: It is difficult to realize an ideal differentiator

'
PD

K, (1+Tys)
1+(7,/N)s

(3< N <20) &

Phase lead compensator
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Phase-lead Compensator: Design Example

- 10
 s(s+D)(s+10)

P(s) Find Controller K(s) to satisfy: PM ~40° @, = 2 [rad/s]

gc

Step 1: To meet the specifications for quick
response and steady-state characteristics,
determine the value of gain compensation K.

Gain

Gain compensation: K =5

Open-loop transfer function:

£s)= 50

s(s+1)(s+10)

Phase

Gain crossover frequency:
c?)gc =2.1>2 [rads] =) @,, > 2 [rad/s] V
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Phase-lead Compensator: Design Example

Step 2: Draw a Bode plot of the open-loop transfer function L(s) = KP(s) using K in
Step 1 and evaluate its phase margin PM . The required phase 1ead amou/n\t is the
difference between the given phase margin PM and this one ( ¢ = PM —PM ).

Considering an appropriate margin (e.g, 5 deg. or more), setitas ¢ __=¢+ 5°or
more. 40 :

Phase margin: PM =13.6° s

=)
‘=
Required phase margin: PM =~ 4(° ©
=) §=pPM—-PM
=40-13.6=26.4°

(Required phase lead amount)

) 4. =9+10°=364

(Margin)

H. Bevrani
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Phase-lead Compensator: Design Example

1 —sin
Step 3: Determine the value of & from a=——7-""
+ sin ¢
Ts+1
K(s)=K—>
als +1

i
a — S%n¢max
1+sing

max

@ =36.4° = a=0.255

H. Bevrani University of Kurdistan 22




Phase-lead Compensator: Design Example

Step 4: In phase lead compensation, the gain increases by 1/\/; at the angular
frequency where the phase leads, so the angular frequency where L(ja))‘ is
Jo (=20log+/e [dB] ) is set as the new gain crossover frequency @, after

compensation. @, =2.TT 90 log—L
P 0 [dB]" 0log—~[dB]
2 20log+/a [dB o =30
2(j@)| = e =0.505 B o, =3.0 e 0eve I8 75T '
[dB | g O Lo 0y =21uas
0 8 0 . ; max l']d/s]

[']

~180

Z 10°
' o [rad/s] @ [rad/s]
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Phase-lead Compensator: Design Example

Step 5: The value of parameter T is determined from o, =%. At this time, the
corner frequency of phase lead compensation is ol

/T =0 Ja, 1) =o0,, Na

1/T 1/al
1 1 40 ; —
o, = D>T=—
= JaT Jaon, g
S 0
®,.. =3.0 [rdsl, o =0.255 20 T~
il — D
) 7=0.660 ) —. P
(av] _120 A G T
<=
A
-150
Frequency corners:
1 1 —-180 -
—=152, —=594 o o o
r al @ [rad/s]
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Phase-lead Compensator: Design Example

Step 6: After finding design parameters K, «, T, the phase lead controller is

constructed as follows: K(s)=K Ts+1
aTls +1
Ts+1 .
K(s)=K S+ 40, L O, = 21 Ir“l:(l/s:| -
als +1 20 —_— @ =30
K =5, =0.255, T =0.660 £ 0\'- S e
O _0! e e N
K(s)=5- 0.66s +1 w0
0.255-0.66s +1 ~90 L
s+5.94 Q<_:‘:’—150- PRI
Gain crossover frequency @, = 3.0 [rad/s] g0 PM =13.6. L NL N
: °1/T !
Phase margin PM =38 10 aio[rad/s] VaTio
H. Bevrani University of Kurdistan 25
Evaluation
—K(s)=1
. . —K(s)=5
Gain crossover frequency (rapid response): () 19.6(s +1.52)
— K(s)=
+5.94
@, = 2 [rad/s] 50 >
Phase margin (damping characteristic): PM ~ 40° s
@, =3.0(= o, ) [rad/s] v § ok
PM = 38° 4 0.5
Step response 4 0
0 5 10
t[s]
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Phase Lead-lag Compensator Design

Ts+1 \[a,(T,s+1)
K(s)=K|———||———— <La, >1
kLY SED) (g

L. 7 - 7

Lead Lag

20log| K(je)| [dB]

. . 201 K —20dB/dec
We may need multiple stages to improve 20102%1((0‘/2%))_5_ N +20dB/ dec

of steady-state characteristics and 20log K -*- -==>
transient characteristics ' '

1{a,T,) HT, 14T, 1/feyT))

ZK(jo)
+20loga, [dB] 90°
o
1 YT S S S
Phaselead: —<w<—— o0 : : :
@ [rad/s]

o1

1
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Phase Lead-lag Compensator Design

Gain

Phase

\//\a) [rad/s]

University of Kurdistan

28

H. Bevrani




Phase Lead-lag Compensator Design

Is+1 a,(T,s+1)

0 Comparison with PID |K(s)=K aTs+1 als+l (a, <1, a,>1)
20log| K(jw)| [dB]
+20loga [dB], +4¢_.. [°] 201og(a, K)o 20dB/dec +20dB/ dec
(K(©0)=a.K, K()=K/a, ] e e T oS>

ﬂ a, =0, a, >©

90"

ZK(jw),

1, T,) 1T, 14T, 1/ T;)

K(s)=K(Tls+1)(l+Lj 0" ki
PD & -901=
PI
K(T +T,) 1 TT.
= 1+ +—12 _ !
T, T +T)s T +T, E>KP1D(S)—KP[1+E+TDS)
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Example
w,
P(s) 0.01 s’ +2lw,s+ o] @, = 0.lrad/s
S)= [ :)
s°+0.04s+0.01 ¢g= 02
100 : :
Phase lag (Pl controller): 8= 50\\1
¥0.1 ° o~
s+0.
K, (s)= 100 _sot \\ -
Sl -100 ~ L
L =PK, ;gf _9?) P
g0l \
> Low frequency gain: large =270+
-360 ; . .
107 107 10° 10' 10°

Phase margin: PM= —3.37deg

o [rad/s]
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Continue

Phase lead: |K,(s)=

100
K =1, _
14.3(5‘;-50.253) o =007, g 5:))- — , |
S+ /. _ ‘ 15
T=19 £ 5 P ‘\\5\s\ffffffff:::
1430(s+0.1)(s +0.53) -100 . ‘ : L

Lead-lag compensator: K, (s) =

s(s+7.52) 0 P
-90 L,
ﬂLZ :PKLL _1&)&

2 e
<
PM= 585deg  wye = 1.92rad’s ) &2
107 10 10° 10" 10?
©2dB(=1.26) 1.7dB(=1.21) o [rad/s]
0 1.4
™ i 12 L,
% 20 : | RS SRR My
= i 0.8
© -50, E Whw — 0.6
0 1.2rad/si ] 3.0rad/s g;
° ° (ow [rad/s] ’ ’ 03 4,156 & 10
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Continue
[dB]
2
=0
<
O
\_//—\ \ o [rad/s]
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Loop Shaping Control

Gy(s) d

D

I K

II G(s) Il | K |

- A

G S—
@&
L

Ym

B 1 1 L(s)
e = m T — mGd(S)d + m n
S—— S—— S——
S(s) S(s) T'(s)

Performance requirements can be approximated by requirements for L(jw).

|IL(jw)| >1 = |S(jw)| <1 (good tracking performance)
|L(jwe)| =1  gives bandwidth ~ w.
ILjw)| <1 = |T(jw)| <1 (good noise rejection)
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Inverse-based Control Design

Stable, minimum-phase plant

Can choose:

Inverting the plant can often be done only approximately.

H. Bevrani University of Kurdistan 34



Design Example

Objectives:

Ga(s) e—L
¥ G(s) fe— K(s) -
n 0 Ym
Gls) = (10?904(: 1) (0.05sl+ e Galo) = 1013(? 1

1. Rise time < 0.3 seconds.

Overshoot < 5%

LA

Disturbance response, y4(t), satisfies |y(¢)| < 1.

Disturbance response, y4(t), satisfies |y(¢)| < 0.1 within 3 seconds.
|u(t)] <1 at all times.

|Gq(jw)| > 1 up to wg ~ 10 rad/sec =  w,. > 10 rad/sec.

H. Bevrani
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Closed-Loop Performance

1000 1

100 A

10 1

0.1

0.01 -

—90 4

—180 A

—270 -

Magnitude

log w

> (rad/sec)

10 _ log w

Phase (dec.)

: ~ (rad/sec)

G(jw)

H. Bevrani
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Inverse-based Control Design

The plant is stable and minimum-phase:

Magnitude
1000 -
o 100 - ‘
Ko(s) = —CG_I(S) 10 - Lo(jw) G(jw)
S X 0.1 0 log
10 1 \‘¥\'” - (rad/sec)
.01
_we (10s+1) (0.1s+1) 00 ;
T s 200 (0.01s+1) 0.1 P
0 t (o T > (rad/sec)
<o (Jw)
-0 L(J(j‘*’)
—180 - PM
—270 Glgw)
Phase (deg.)
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Inverse-based Control Design
Magnitude
10
5 Lo (i)
1 1 0 /\1( 0 log w

To(juw) D o ~ (rad/sec)

0.5 NN

So(jw)

0.1

The closed-loop bandwidth is very close to w. = 10 rad/sec.
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Inverse-based Control Design

we (10s+1) (0.1s+1)

Ko =
s 200 (0.01s+1)
Reference tracking Disturbance response
Amplitude Amplitude
1.5 - 1.5 -
yr(t)
1 A 1
Ya(t)
0.5 0.5 1
time time
0 T T = O T T l;
0 1 2 3 (sec) 0 1 2 g (sec)
H. Bevrani University of Kurdistan 39

Loop Shaping for Disturbance Rejection

Disturbance response: yq = SGyd + . ..

To achieve |yq(t)| < 1 for |d(t)| < 1,
we want |SG4(jw)| < 1 for all w.
So, we want:
|1+ L(jw)| > |G4(jw)| for all w.

or, approximately, |L(jw)| > |Gq(w)| for all w.

Initial guess:

|Linin| = |G| or | Kmin| ~ |G~ G4l

H. Bevrani University of Kurdistan
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Loop Shaping for Disturbance Rejection

Step 1 Magnitude
1000 -
. . 100
Initial guess: N LD )
Ny 1 0.1 1
|Kmin| ~ |G Gd| 1 i i ANV Y (rad/sec)
o K1 (jw) NN
Choose: . e
0.01 \
Ki(s) = G~ "(5)Gq(s) %
0.1 1 10
0 | } } >
~ 05(0055 + ]_)2 K1 (jw) (rad/sec)
_90 4
=0.5
—180 4
o0 | G(jw)
Phase (deg.)
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Loop Shaping for Disturbance Rejection
K1 =05 — Ll(S) ~ Gd(S)
Reference tracking Disturbance response
Amplitude Amplitude
1.5 - 1.5 7
1 1 A
7 1 (0) ST s
0.5 1 0.5 A
time time
"0 i ; g e 0% i : 5 (<)
H. Bevrani University of Kurdistan 42




Loop Shaping for Disturbance Rejection

Step 2 | rease the gain at low frequency.

To get integral action multiply the controller by:

Ka(s) = 222K (s).

If w; = 0.2w,. we get 11° more phase at w. than with K alone.

So,

H. Bevrani University of Kurdistan

Loop Shaping for Disturbance Rejection

Magnitude

1000 4

100 A

10 1

1 : | : > I(?fd(jsec)
0.1 1 S ()
0.01 -
90 1
0.1 1 10 log w

(rad/sec)

—-90

—180 A

—270 -
Phase (deg.)
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Loop Shaping for Disturbance Rejection

Ki=05 and Ko=— 0.5(‘”8‘—2)

Reference tracking Disturbance response
Amplitude Amplitude
1.5 A /\ T 1.5 7
/\ y2 (1) ‘
y1(t)
1 4 &ﬂ 1 -
y1(¢)
0.5 A } i i 0.5 A =ttt
time \/\\ time
0 T T > 0 >
0 1 2 3 (sec) 0 1 2 3 (sec)
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Loop Shaping for Disturbance Rejection

Step 2

High frequency correction:

Magnitude

1000 1

100 A

10 A

Augment with a lead-lag for “derivative action”. log

1 : | (rad/sec)
This will also improve the phase margin. -1 Ss(jw) N
0.01

90 7
log w
(0058 + 1) 0 (rad/sec)
K3(s) = Ko(s) o 2
3(8) = K2(8) (0055 1) o0 ]
_ 05 (s+2) (0.05s+1) 180 |

s (0.0055+1)

—270 -
Phase (deg.)
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Loop Shaping for Disturbance Rejection

(s +2) (s+2) (0.05s+1)

K =0.5 Ko =05—= K3 =0.5
’ s s (0.005s+1)
Reference tracking Disturbance response
Amplitude Amplitude
1.5 1.5
y2(t) N
t
e N
1 1 \
y1(t)
0.5 - | 0.5 1
J time time
"0 i ; 3 G0 i ; 5 (e
H. Bevrani University of Kurdistan 47

Loop Shaping for Disturbance Rejection

Loopshape comparisons

Magnitude

1000
Lo \’3

100
L, S Y

10

0

log w

> (rad/sec)

o

0.1 L\\*

0.01
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Loop Shaping for Disturbance Rejection

Loopshape comparisons
imag

A

J

1 real
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Project: Report 3

Consider your dynamic system. Using loop shaping concept
design a controller K(s) to satisfy:

K, >10 and PM >40°

Deadline: The day before next Meeting

Please only use this email address: bevranih18@gmail.com
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Thank You!
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