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Robust Control of Multivariable Systems

Example: Spinning Satellite

Yaw . a =10rad/s

- s—100 105410
P(s) = Pii(s) Pia(s)| _ | 27100 21100
P (S) P. (S) — | —10s—10 s—100
21 22 | 524100 s24100
0 1011 0O ]
| =10 0‘0 1| [A|B] &#=Ax+ Bu
- 1 100 0| |C|D y=Cz+ Du
~10 110 0

Inputs: w1 u2 Torque
Outputs: Y1 Y2 Angular velocity

(Ref 4)
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Spinning Satellite
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Robust Control of Multivariable Systems

1. Diagonal PID Controller (Decentralized Control)

0.1 Controller K (s)
s=100 105410 B e el s
_ | s2F100 21100 | 0 —> 0 K1 (s o> 3N
P(s)= [816'(_910 Ssj_l()()] 1 11 ul | 11—’?“E
524100 $24100 > P1ofd

E =f514h é
r ! 5
K(s) _ [ Kll(s) O :| [ J— z—pT :KQQ(S) UZ; P22 —Pg-r'—b Y2

O }(22(8)

A pidtune

(Ref 1, pp. 91-93)
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Continue

MATLAB Command 82 110000 193 7;(1)8
P11 = f([1 -100],{1 0 100]) ; Pis) = | S{tY%0 SO0
K = pidtune( P11, ‘PID") ; S21100 325100
0.12 ‘
K(s)= | Kuls) 0 g o eseemeeeen Y1
— 0 K22 (S) E 0.08 | i
-‘%’ 0.06 :
Y Sl ey ]
Ki1(s) = Kz(s) = —0.864 — =— —0.135s |
< o - Y2
0.02 (‘; 8
Time [s] (
(Ref 1, pp. 91-93)
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Robust Control of Multivariable Systems
2. Dynamic Decoupling P‘l(s) (Inverse-based Controller K, (s))
18 s—100 —=10s — 10 Inverse-based
P~ (s) =0.01 {103 +10 s— 100 } ol Controller Kip(s)
P'(s)=P(s)P~(s) =1 0 Jl_ e ONID o =P11—>?§*—> Y
KLS (3) 0 Kpre(s) =P12'dl 5
. — p—1 1 _ p1(s X
Kine(s) = P(s) [ 0 KLsz(S)] Ty Krs2(s) ! ()U2 _'Pﬂd%?
TR A IR gl C
Loop Shaping Design o
900 -20dB/dec 5 o \ Y1
Kisi(s) = Kisa(s) = ——= Delay 2o
(S + 30) Wh 30 1/7_ j; 0.08 0
Target Loop (Desired Loop) ; —> T% z: \/ .
900 s - e \ 48 [radis] 5,
Liarget(s) = mlg Stabilization -40dB/dec g, Y2
Timz [s] ’ !
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Robust Control of Multivariable Systems

Controller Kiny ($)

Impact of Uncertainty o L Uncertainty
OJ_rl_’ —{ Kis1(s) P ﬂ@ > Py J
1 s — 100 —10s — 10 1 < j
P (S) = 001 10 10 100 Kpre(s) 'P12
s+ 10 s— =P Y(s) o P
900 0 o —0—» K1,92(5) ﬂ@ » o >
K — K = - - y2
LSl(S) LS2(3) S(S + 30> T Uncertainty
_ KLSl (S) 0 ]
Kinv s)=P ! S
(s) (5) [ 0 Kusa(s)] @
w Tim [s] ’ ) 8
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Robust Control of Multivariable Systems

2. Robust Controller Uncertainty
0.1 p— - N =
0— " Robust j_ h
Controller | |
- i Y
o—"% Hoofp lua PAT 4 51,8
Uncertainty
0.14 0.14
o o 012
% 0.1 3 o
u; 0.08 j; 0.08
S 006 % 0.06
'%: 004 \/ :>% 0.04
B 002 3 o002
< 0 p— < 0
~0.02 -0.02
1 2 3 4
Time [s] Time [s]
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Frequency Response for SISO Systems

Example:

w=01s\_/\ —gE— +\ N\

1
9(s) s24+0.5s+1 “ ¢
u(t) = sin(wt) y(t) = |g(jw)| sin(wt + Zg(jw))

|
o™

- Ji

S\ TR T “1‘(‘)0 o “101
2 ? Frequency [rad/s]
21D oil“ AR q(s) 9 Bode Plot
20 50 100 -20 50 100 (Galn)
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Frequency Response for MIMO Systems
10(s+1) 1
Example: G(s) — ls‘2+08.152+100 53;_,1_ ) ]
s240.1s+10  (s+2)(s+3)
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Singular Value

Definition: The singular values of an m X'n matrix A are the square roots of the
non-zero eigenvalues of the symmetric n Xn matrix A’A or AA' listed with their
multiplicities in decreasing order0;>20,2---20,20.

0 1
Example: Find the singular values for matrix A. 0
- A=|1 1
0 1
_ 01 1 2 1 10
Solution: A7A = 1 1| = :
1 10 1 2
1 0
- | =3
det(ATA- 11)=|A"A- 112‘=(2- 1P-1=0.= ' =Dl 5,-1

[ =1

2
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Singular Value Decomposition (SVD)

Theorem: Let A be an m x n matrix withm > n . Then there exist orthogonal
matrices U (mxm) and V (nxn) and a diagonal matrix £ = diag (a4, 05, ..., ) (M x
n) with order o4 = 0, = ... = 0, =0, such that A holds

A=UxVT

The column vectors of U = [ul, . .. ,um] are called the left singular vectors and
similarly V=[vl, ..., vn] are the right singular vectors of matrix A. The columns of

U and V are orthonormal. The matrix X is diagonal with positive real entries of g; ,
and can be represented as:

~

E — lel
O(m—l)xl O(m—l)x(n—l) 2= diag(ol,%,...,al)

le

(n_1) Where ! = min(m,n) and
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Singular Value Decomposition (SVD)

Example: | 5 4 g [087 048|734 0 079 0.0
=13 2 ~|-048 087 0 02z)-060 —0.79

G=UXVH U,V :Unitary Matrices 010 0 0

: 0°-.0 0

U y Singular Values 01, - ,0p ¥ = 0 0Ty 0

— G = (01 > 09>+ >0p) 000 0
y=Gu o, =/ N(GHG) N @1 -th eigenvalue

Maximum Singular Value Minimum Singular Value

5(G) = o1 =maxyla/llulls| |o(G) = o = minlyllo/ [[ullz

(Ref1,A.3)
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SVD

4\ Matlab function: >[U, S, V]=svd(A)

If g, is the smallest singular value greater than zero then the matrix A has rank r, and s.>0.In
this case U and V can be partitioned as U=[U1,U2] and V=[V1,V2], where U, =[u,u,..,u)
andV = [v,v,,...,v ) haver columns. Then A can be represented as reduced form of SVD as
follows

r

210 0

A=U, U]

>[U, S, V]=svd(A,0)

Example: Find full and reduced SVD for matrix A.

S

I
— = =
[ S S Gt
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SVvD

Solution: ‘
>>A=[01;1 1;1 0] >> [U,S,V] = svd(A,0)
A=
0 1 U=
1 1 -0.4082 0.7071
1 0 -0.8165 0.0000
-0.4082 -0.7071
S =
;>=[U,S,V] =svd(A) 17321 0
-0.4082 0.7071 0.5774 V= 0 1.0000
-0.8165 0.0000 -0.5774 -
-0.7071 -0.7071
-0.4082 -0.7071 0.5774 07071 09071
S=
1.7321 0
0 1.0000
0 0
V=
-0.7071 -0.7071
-0.7071 0.7071
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Continue
Example: 10(s+1) 1 u(s) G y(s)
G(s) = s2+40.25+100 s+1 —> (5) —>
- s+2 5(s+1) -
5240.1s+10  (s+2)(s+3) y(w) = G(jw)u(w)

o-plot is the extension of Bode gain plot to MIMO Systems

SISO: Absolute value
l9(jw)|

MIMO: Singular value plot
o(G(jw))

(Ref 1, p. 79)

)

o-plot of G
MATLAB Command “ T
num = { [10 10], 1; Zg
[12], [59]} T = ) i
den={[10.2100], [1 1I; " o(G) AN T
o110, (156} £ ° =
G = tf( num, den ); 2 — S~
20" ;
a(G) ~
figure D L
sigma(G) i 10' 10°

Frequency [rad/s]
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Internal Stability

K P1 y
r E(s+1)| W | s—
Example (SISO): — s -1) 11 T
. —U Gur = M Unstable
r—=1Y Gy = P (k > 0) Stable r (s—1)(s+k)
L =PK = ﬁ;—lfl/r ];ij/ﬂm = é Unstable pole/zero cancellation
. . . . u du dy
In order to avoid pole/zero cancellation, consider input I l 1
injection and output measurement for each dynamic block ?—u K > s P —:LoiT—vy
(Gang of Four). B
1 PK
Sensitivity: S = Complementary Sensitivity: 7T =
y d,—»y) 1+ PK P y y(du—w) 1+ PK
P Noise Sensitivit KS K
itivity: PS — oise Sensitivity: =
Load Sensitivity ¥ fy) T PK d, 5w 1+ PK
(Ref 1, p. 144)
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Internal Stability
Nominal Stability: dy U dy

u, du’y7dy:Vectors — K | > P =:Ll+ Y
P, K :Transfer function matrices

Well-posedness: |1 + P(o0)K (00) # 0
u=(+KP)'d, — K(I+PK) 'd,
y=P(I+ KP) 'd,+ (I + PK)'d,

(Gang of Four: well-defined and proper)

Theorem: Assume P, K contain no unstable hidden modes. Then, the feedback system in the
figure is internally stable if and only if all four closed-loop transfer matrices are stable.

Theorem: Assume g g shows the state space representation of above system. The system

is internally stable it and only if A is stable.
(Ref 1, p. 145)
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Relative Gain Array (RGA)

Example: Y1 =t

= GZ[OZ —(1).1]

Y2 = 04’LL1 — 0.1’LL2

0.2 0.8
RGA(G) = A(G) =G x (G = [0.8 0.2]

element wise multiplication
Pairing rule 1 Prefer paring on RGA elements close to 1
Use u2 to control ¥1 and use u; to control ¥2

Pairing rule 2 Avoid pairing on negative RGA elements
Pairing rule 2 is satisfied for this choice

Y1 = ur + u2 [0.8 0.2] Rulel
A =
yo = —0.1uq + 0.4us 0.2 0.8 Rue2 V
(Ref 1, Sec. 3.4, p. 85)
H. Bevrani University of Kurdistan 21

Control of Multivariable Systems

Steady-State Decoupling P~1((

) L |
0.1 = | g
SK — > P. j
0 Jl_ Ty >0 11(8) > 11 Y1

ux >
Kpre(S) =P12
=P7(0) > o1
0 ; *T-_’KM(S) I 125 ’P221 > U
- 1.0 —01]1 L
P'(s) = P(s)P~'(0) = P(s) [ 0.1 _1.0] ]
_— [ 1
Po=1 3 o
49.1 g 0.06
Ki1(s) = Koz(s) = 11.74+ —= +0.7s $ oo X
o1 [ Kii(s) 0 E A_/ Y2
K(S) =P (O) l 0 KQQ(S) oor 1{ | | 4
Time [s]

(Ref 1, pp. 91-93)
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Poles

Theorem: The pole polynomial ¢(s) corresponding to a minimal realization of a
system with transfer function G(s) is the least common denominator of all non-
identically zero minors of all orders of G(s).

1

1 0 =1
Example: G(s) = [ -Sjll . (s+1)(s+2) ]

s—1 s+2 s+2
1 s—1 M?, = b Mis = =
The minors of order 1: M2, = det [W] = 1 (s:r o 811
s5+2 Mis = 5+2 M112 = 52
= ( i)_(1 2) 2 My = s
: , _ s+ sHD(s+2) | — 2 = GH)(+2)?
The minors of order 2: M; = det l _q Zz 1 } = GrDGE12) Mo — 1
s—1 +2 s+2 3= D) (s+2)

The least common denominator of all the minors:

#(s) = (s+1)(s+2)>%*(s—1) Poles p=1,—-1,—-2,-2

(Ref 1, p. 135)
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Zeros

Theorem: The zero polynomial z(s), corresponding to a minimal realization of the
system, is the greatest common divisor of all the numerators of all order-» minors
of G(s), where is the normal rank of G(s), provided that these minors have been

adjusted in such a way as to have the pole polynomial qb(s) as their denominator.

1 s—1
Example: G(s) = | *f] ? (s+1)(s+2) Normal rank: 2
s—1 s+2 s+2
¢(s) = (s +1)(s +2)*(s = 1)
The minors of order 2: M, = (5;1()5(;32)2 = _((;@51) Mo — 2 _2(s—1)(s42)
M — 1 (s—D)(s42) 2T (HDGH+2) T 4(s)
37 GHDG+2) — T e(s)

The greatest common divisor of numerator: 2(s) = (s—1) Zeros z =1

(Ref 1, p. 139)
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Pole/Zero Cancellation

- 0 10
Po= [T 4] x|y 4 pllptiliy
\_Y_J \_Y_/

Poles p = —1,—4 Poles p = —1,—2

J

Poles of P(s) and K(s): —1,—1, -2, -4

1
— 0
L(s) = PK = [361 1 ] Poles p = —1,—-2,—4
GTGTD —

Poles of P(s), p = —1 is cancelled

(Ref 1, Sec. 4.5)
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Sensitivity as a Feedback Performance Index

Disturbance Attenuation in SISO Systems

Open-loop Closed-loop
v(s) = P(s)dils) (o) = gy D)
—»K@)% Pls)F= 7"—_»?—» K(s) ﬂ»cl)“—P»P(s)—T—zi
d—y 1
y(s) = d(s) Y = T 4

Small | S(jw)|is a good feedback performance
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Sensitivity as a Feedback Performance Index

Insensitivity to Plant Variations in SISO Systems

Jos e o
i H S A i |
e (! u
r - K(s) —»O—{ D — U
. e
0 —n
PK dG, dP
Gy'r’ = 1+ PK Gy =5—
(r—y) + G?ﬂ" P
dGy, K _ SPK SGyT
(dP " (14+PK)? P(1+PK) P>
P dG a4, dP
Gya;, = Y g
1iiy) 1+ PK Gya, P
dGyq, 1 . sp SGydi>
< dP ~ (1+PK)? PO1+PK) = P

Small absolute value of S (|.S(jw)|) is a good feedback performance

(Ref 1, p. 23)
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Hee Norm as a System Gain

In MIMO Systems, System Gain:

||G(S) Hoo — mj}X 5(G(jw)) G(s) € S : Proper stable system

10(s+1) 1
. _ | $240.25+100 S+1
example: G(s) = | "HOTF0 o,
| 5°+0.1s+10 (s+2)(s+3) 40 T T ] T
T 4 HG( )Hoo
MATLAB Command g NA = = 50.25
hinfG = normhinf(G) 3 . d \\ (34.02 dB
Eﬂ—m . **\\\N ,
1)) [ — B
— max ||Z = max ~—
* 7 ul=t w0 [|w])2 <0 0 .
-40 .
10° . 10‘[ e 107
(Ref 1, p. 158) requency [rad/s
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Difference Between the Hee and H2 Norms

Minimizing Hee norm: Push down Minimizing H2 norm: Push down
“peak of maximum singular value” “whole thing (all singular values over
0 all frequencies)”
....... .?....1...:.-;--5-%. ........K 40 : :
= ||5] S
= [Slloo AL 152
’g 0 ’,r” E 0 L
-20 - 8 | j
20 -
-40 4 0 1
10 10 10
Frequency [rad/s] -40 1 0 1
10 Frequelcoy [rad/s] 10
Multiplicative property: Multiplicative property:
[A($)B(8)loo < [JA(s)][oo || B(5)[ 0 [A(s)B(s)[ 2 R [|A(s)I ; [I1B(s)]l 2
(Ref 1, pp. 75, 159)
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Thank You!
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