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Sensitivity Optimization in Feedback Control

Feedback Performance = Sensitivity

Hoo norm: min ||S|| — m1n||(l—|—PK)_1HOO (System Gain)
Feedback K K

(M -LK(S) Lyt P(s) |

e=(I+PK) 'r=_9r

Sensitivity from Reference to Error
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Bode Sensitivity Integrals (Waterbed Effects) for Stable Plant

> |detS| < 1 [dB] ]
log |[detS(jw)|dw = 0 [S(jw)]
|| romdetsuas =0 G0 T
There exists a frequency range over which the magnitude ’ 7
of the sensitivity function exceeds 1 if it is to be kept 10
below 1 at the other frequency range.

10 Frequency [rad/s] 10

Example:
50
25 o
P(S) — RHP(Right-Half Plane) Zero _ 20
24+ s | % 18—
S(S) = S-10¢
k 1+ P(s)K(s) 2
K(s) = (K)o
-50

1072 107! 10° 10
(Ref 1, pp. 167, 170, 223) Frequancy [rad/s]
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Weighted Sensitivity

SISO case: Waterbed Effects

_____________________________________________________ | 10 LB .
B Was) ; 1S]loe Small? (1 — 1S (jw)|
' ; +?_ K(s) =] P(s) 1, i D 0
e = (I + PK)_lr = Sr -1 Frequency [rad/s]

|WpS|leo Smalll Intractable =) Tractable!

. 0 0 wy(s) 0 0
Performance weight e = wp(s) ' - p(s) |
transfer function matrix p(s) = 0 -0 =1 0 0
0 0 wpn(s) 0 0 wy(s)

(Ref 1, p. 60)
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Performance Weight

First-order
Performance Weight

wp(s) =

wp(s) =

1
M—SS—i—Wb
s+ wpA

(s/Mst/m —I—wb)n

(S +wa1/n)n

Feed

«<—>Wph Mgwy w [rad/s]
back effect

Wp :the frequency at which the asymptote of 1/‘w;;(]w)’ Crosses 1, and the
bandwidth requirement approximately

Ms: 1/|w,(jw)] at high frequencies ( Mg < 2: Rule of thumb)
A : 1/|w,(jw)| at low frequencies

(Ref 1, pp. 62, 80)
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Stability and Performance

Unstable Plant:
Im p 20\\\|L‘
o Real RHP Poles: 2p < we - - %“’;-- B W, i
o Imaginary Poles: 1,15|p‘ < We ¢ ’%;710 |S‘ M |T|
Im s o | M
o Complex RHP Poles: ().67 (x + /42?2 + 3y2) < w, )2+jp iso// " : : : wor
—_ 40, b N
O)( —7]) Re ° ° Frequency [rad/s]‘IO 1
Stable Plant: e XK
. Im =z + jy /\
o First-order System: t x Oé —
K K>0 Ol < Re L
) =77 720 X h : T, Rise time T,
2.2 1 0.1}
T, = (9T ~ 22T =22 < <,
(In9) T ST Swe 0
Kuw? wy >0 .
o Second-order System: G2(s) = L " _ m/2+arcsin¢

(Ref 1, Sec. 5.9)

24+ 2Cwps+w2 (>0 T,

1.8
w”m fgwrgwc

H. Bevrani

University of Kurdistan

8




Nominal Performance (NP)

1
“““““““““““““““““““““““““““““ — =0 ngl
L e Wp(s)l— 2 v
| 7
r + u 0 [dB]
‘T_ K@) =126 A, / 5(5)
S5 < — L v,
o(We(jw)) o(A)5(B) < 5(AB)
s(Wp(jw)S(jw)) <1 w 5(AB) < 6(A)5(B)
1
_ A_l _ -
o Nominal Performance (NP) Test: 0( ) Q(A)
[Wp(s)S(s)]|oo < 1 1Al = 5(A)
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Nominal Performance Test in SISO Systems

) 1
NP) Test: |S(jw)| < — "w
(NP) SG < 1G]
s +s Lo+ w
Example: ¢ _ w,(s) = Mg b
s2+0.7s+0.07 [P\ S
D) wWpt wp =001, Mg =2 NPV -
’wb :fast Mg: small‘ 0
2) wp2 wpy = 0.06, Mg = 1.2 NPX— g7
S-2
3) wp3 Wb — 0.06, MS — 1.7 NPV —40 . ; ‘
107° 1072 107 10° 10'
(Ref 1, p. 60) Frequancy [rad/s]
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Nominal Performance Test in SISO Systems

(NP) Test: ||V p(8)S(8)][eo < 1

g s+ s
Brample: 2 = 2 075 +0.07 [we(s) =

1) wpl C(Jb ? OOl,MS — 2 NP“/ 14

wy : fast Mg: smalll

1

2) Wwyo wy = 0.06, Mg = 1.2 NPX o
3) Wp3 wy = 0.06, Mg = 1.7 NPV °*

02+
0 L L L
1072 1072 10" 10° 10'
Frequancy [rad/s] 15
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Example: Spinning Satellite

Yaw . a =10rad/s

27100 s2+100
T e (T 1

s24+100 $24100

Pyy(s) P12(8)]

s—100 10s+10
P(s) = [P21(S) Pas(s) [ ]

Inverse-based Controller K, (s) :

Ui, Y1
1.y s — 100 —10s — 10 Inverse-based
P~ (s) = 0.01 [108 +10 s—100 o1 | Controller Kiny(s)
/ -1 0 J1_ T -KL51(8)-> U1 P adie
P'(s)=P(s)P~ (s) =1 Kpro(s)| i (> Profdid |
=pef HLSTPy [y |
: _ p—1 Kisi(s) 0 r2 Kp.50(5)1 ] uoi| 2L "é
Kiny(s) = P~ (5) [ 0 Kisa(s)] °7— T M R R
900 Desired Loop 900

Kisi(s) = Kusa(s)

Loop Shaping Design: T s(s130) > Liargei(s) = s(s + 30)
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Example: Spinning Satellite

Performance Weight

1 MATLAB Command
Ms =2; A=1e-2; wb = 11.5;
Wp(s) = wp(s) 0 (: [wé’l 0 D wy(s) = M 7 WP = H([1Ms wbl, [1 wb*A)):
0 wp(s) Wp2 s+ wpA WP = eye(2)*wP;
figure
. . sigma(WP
o Poles on the imaginary axis: P = :I:aj =+10 ] hcﬂd oﬁr grzd on:
o Gain crossover frequency:
we > 1.15|p| =11.5 rad/s = wy
5
o Phase stabilization: = -
5 i R TR
W, < System bandwidth of Actuator/Sensor/Controller © -4014 — 0 0 a = :'i wp = iii
i
B0~ 10 rad/s E.l rad/s
My = 2wl =2 ‘-630’2: 101 | 100 10! 102 1“03
o Steady state error: € < 0.01 — A =0.01 Frequency [rad/s]
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Example: Spinning Satellite

s—100 10s+10 20dB/d
2 2 -
Plant: P(s) = [—51621090 % +110000] ©
21100 s2+100 Wh 30 1/7
} t > W
Controller (Inverse-based Controller): 115 we. 48 [rad/s]
_900 0 L -40dB/dec
Kin() = P71 () | TH0 7(Lo)
(s+30)
10
Target Loop Transfer Function: L(s) = PK;, = 900 I 0
. - inv — S(S + 30) 2
@-10 .
(Output) Sensitivity Function: S(S) = ([ + PKinv)—l & -20
©
) |IWPSle = 08935 <1 NPV &
-40
MATLAB Command
KI = inv(Pnom)*tf([1],[1 30 0])*diag([900 900]); -50
Fl = loopsens(Pnom,KI); 60 AR Ll ‘
sigma(F1.So) ; 1072 107! 100 101 102 103
hinfSo = normhinf(WP*F|.So) Frequency [rad/s]
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Optimal Sensitivity Minimization Problem

Find a stabilizing controller K which make smaller (minimize)

[We(s)S(3)]loc P I
w i P 2
Intractable Wp(s)
Sensitivity Minimization Problem (Hoo Control) u P(s) Y _é I

Given 7Y > Ymin, find all stabilizing controllers K such that

IWp(s)S(s)lle <7
DI[WpSllee <m v 3K, o

2)WpSllo <72 X 1o K,
) IWpSlle <73 v 3K,

1 .
70pt
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Sensitivity for MIMO Systems

r K(s) l»(l}—l—» P(s) Yy

o Sensitivity to Output Disturbance d :

Output Sensitivity Function: S, (s) = (I + P(s)K(s))*

o Sensitivity to Input Disturbance di :

Input Sensitivity Function:S;(s) = (I + K(s)P(s))™*

For SISO Systems: S; =S,
but for MIMO Systems: PK #+ KP — S; # S,

Good disturbance rejection at output does not always mean good rejection at input
(Ref 1, p. 70)
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Standard Feedback Configuration with Weights

pa l& L d
w,|  |w, W,

d; d
R UNCEN e I l P ' L s©

L— |

o Sensitivity Minimization Problem

find K(s) s.t. ||[We(s)So(s)Wa(s)]|eo <Y

(Ref 1, p. 363)
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SISO Loop Shaping

Loop Shaping: Gives us graphical interpretation (Bode Plot, and System Gain)
B Unstable Pole: P

[dB] B Unstable Zero: z

L(jw .
L) Performance M Time Delay: ()

2p Wb w,

Robust Stability
(+ Roll-off)

w [rad/s]

(Ref 1, pp. 41, 42, 343)
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RHP Poles/Zeros, Time Delays and Sensitivity (SISO Systems)

For systems with a RHP pole p and RHP zero z (or a time delay @), any stabilizing
controller gives sensitivity functions with the property

: p+z . 0
Mg = sup |S(jw)| > Mrp = sup|T(jw)| > €
w |p - Z| w
The zero and the pole must be sufficiently far apart The product of RHP pole and time delay must be
Me < 2 sufficiently small
W0 ——IVLS >
o Mp < 1.25
J SR e T y
= : + z €
= [sGo) pPT=
3w p — 2|
a
-30
Freq w [rad/s] 40 ‘ ‘
Freq w [rad/s]
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Norms
K ties: 1. Non-negativ HGH =9
O Key properties: 0' . €gative ||€|| —0iff e=0
2. Positive
3. Homogeneous leel| = lalllell, Vo :scalar
4. Triangle inequality ler + e2l| > [lex]| + [lez]|
o Vector Norm (Ex.) aoa p =00
HCLHQ = Z |ai‘2 (Euclidean Vector Norm) / p=2

)

lall1 = Z |ail, llalleo = m?X|ai|
i

S
z = Aw
Ex.: ||A|;2 = max 1212 =a(A) ri\{U/A\(\‘\
T w0 wlle | \I'Q&z
Iw(8)||z=\1|J 2
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o (Induced) Matrix Norm  “—{ 4

1
_1\ 1 a
-1




Norms

. [0 ) [p— ~-  Energy =|le(t)[
o Signal Norm e(t) ﬂ/ \%reaeml
Examples: . : t
o “Energy of signal” (Lo-norm, [ : Lebesgue space) ||e( ||2—/ Z:leZ t)|%dt
o Integral absolute error le(®)]lx _/ Z\e, )|dt
o “maximum value over time” le(t)]| oo = max (max |ei(t)|)
t i
Izl _ . W Z
System Norm (MIMO): || G(s)||~ = m;}o T max & (G (jw)) (System Gain) —» G(s) —»
2 w
|G(s) ||2—\/ / G(jw)HG(jw)) dw—\/2ﬂ_/ Za (jw))
(Ref 1, A.5)
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Nominal Performance in SISO Systems

wpS| < 1% & |wp| < |1+ L[| "w

g 1 1
1+ PK 1+4+1L
o Nyquist Plot L should be away from(—1,0) by|wp]|
m Im Im
O Re O Re
jwp(jw)| jwp(jw)]
L(jw)

=
wp| < |1+ L] Yw V lwp| > 1+ L] "w X
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Fundamental Limitations

Bound on the Crossover Frequency We
<

RHP (Right half-plane) Zeroz w,. < — Im
worse better
Fast RHP Zeros(z large): Loose Restrictions NP —
0
Slow RHP Zeros(z small): Tight Restrictions z Re
1 Unstable zero
o Timedelay 8: w. < i N
20+
-{DB_
-40 L |L('jw)| 71\1]
(Ref 1, p. 183) Frequency [rad/s]
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Fundamental Limitations

o o O O

40

Bound on the Crossover Frequency W, 20
RHP (Right half-plane) Polesp w,. > 2p @
= 0
Slow RHP Poles (p small): Loose Restrictions §
Fast RHP Poles (p large): Tight Restrictions - |
o LGw)|
Frequency [rad/s]
Poles on imaginary axis: =pj  w. > 1.15|p| M poer  worse
> >
N H—
0 p Re

Unstable pole

(Ref 1, pp. 192, 194)
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Fundamental Limitations in MIMO Systems

—1
o Algebraic Constraint |S + " = | |:> 5(T) — 1||

o Bounds on Peaks Mg, min = mf}n 1S |oo s M min = n;}n 17| oo

(Ref 1, Sec. 6.2)

(T) <a(S)+1
a(S) +

4

5(5) - o(T)] < 1
a(S) is large if and only if o (7T) is large

H. Bevrani
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Thank You!
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