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System Response to a Test Signal

Input Output
Test Signal Ref o > System > Output
input(t) output(t)
0 t 0 t
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Typical Test Signals
input(t) input(t)
@ Step @® Ramp
t
5 t 0
J t(t
input(t) input(t)
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Transient Response and Steady-State Response

c(t) = colt) + cu(t) = v@® = E(1—e/R) = [E| 4 [—Ee~t/RC |

Steady-state  Transient

A
0 t 0 tO‘UU t
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Steady-State Error

output

/\/\' 1: Steady-state error

/ Reference
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First-Order Systems Response Analysis

R(s) E(s) ) C(s)
C(S) 1 Cgij Ts
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o Unit-Ramp Response of First-Order Systems
R(s) = 1/s?

Cis)=——===2_1L T
T Ts+1s2 s2 s Ts+1

oct)=t—T+TeT fort=0

e@)=r(®)—c@®)=TA—e ") =) e(x0)=T

o Unit-Impulse Response of First-Order Systems
R(s) =1

r(t)
c(t)

6T =
* ¢<— Steady-state
error

rt)y=t

2T -

1
C(S) T Ts+1
o c(t) :%e‘t/T fort=0 0

T 2T 3T 4T t
Unit-Impulse response
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An Important Property of LTI Systems

Input output output
(s-domain) | (s-domain) | (time-domain)
1 1 1
Ramp —2 —2 t_T+Te_t/T
differential g 51 51 T51+ 1 differential
- - 1— e—t/T
) ) Step N sTs+1
differential . 1 1 T differential
Impulse Ts+1 7€

o The response to the derivative of an input signal can be obtained by differentiating the

response of the system to the original signal.
o It can also be seen that the response to the integral of the original signal can be obtained by
integrating the response of the system to the original signal and by determining the integration

constant from the zero-output initial condition.

o This is a property of linear time-invariant systems.
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Second-Order Systems

2M_order system

X
” ;)
@

G(s) s(s + 2{w,) i

R(s)

C(s)  G(s) w2

R(s) 1+ G(s) T sZy 2 w,s + w2
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Second-Order Systems

o Closed-loop transfer function (standard form)

C(s) _ wH
R(s) s2+2{wnps+w?

s2+2(w,s + w2 = = s=wy,(—{+/2-1)

o 0 < { <1 :Underdamped case

o ¢ = 1: Critically damped case

o (> 1 : Overdamped case
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Typical Step Response
Typical step responses, fixed wp Typical step responses, fixed ¢
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Continue

0<¢<1

o R(s)=1/s

> c(®)=1- e~ Swnt <cos wgt + L

C(s) wr;
R(s)  (s+{wy +jwa)(s + {wy — jwg)

where w,; = wn\/l — {7

w4 :damped natural frequency

w 1 1 s+ 2w

s? + 2Cwy,S +wn2§ s s2+ 2{wys + wp?

1 s+ (wy Cwy,

_ . _
S (s+qwy) +wg? (+{wp)?+ws?

sin .t The frequency of transient
d oscillation is the w; damped

12

—{ont — 2 natural frequency and thus varies
=1- e—sin wgyt +tan™?! 1-¢ 4/_ with the damping ratio ¢.
J1 =2 ¢
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—Cwnt 72
e 1-¢ L , ,
c(t)=1———=sin|wgt+tan!——— | =1—-—e Cwnl sin(wpfSt + 6)
[1—¢2 { I5;
j
where 3 = /1 —(2and ) =cos™ ' ¢ D —— joNT= 2
: \\(UH
s?2 4+ 20wys + w2 =0 0= cos™' ¢~
n n = \/\\
!
! a
@ = —2{w, —{w, .
s = ~Cay * jop/1=7%) |
!
| ;
B —jw,V1 = &
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o The error signal for this system

e

e(t) =r(t) —c(t) = 1—{1— 7

sin (a)dt + tan™

)

e~¢wnt N1=2
= sin| wyt + tan™
1-—2 ¢
ot=o0 = e=20
c(t =1—e‘z“’nt(cosw t ¢ sinw t)
O ( ) d + \/1_—62 d
(=0 = c(t) =1—coswyut, fort =0
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( _— 1 C(S) _ wnz _ wnz
— R(s) s2+42w,s+w,?2 (5s+ w,)?
2
w
R(s)=1/s = C6)=—"——= oclt)=1-—e"“""(1+ wyt), t=>0

s(s + wy)?

w2

(s + {wy, + Wy /(% — 1)(5 + {w, — Wy /(% — 1)3

(>1 =  C(s) =

1 o~ (§H/TT)wnt _ 1 o~ (§H/T7T)wnt
2{¢Z =1(¢+y# =1 22 =1 +y7 =1

wn e—Sl t e—Sz t
24/0? =1\ $1 S2

where s; = ((+\/(2 — l)wn, S, =((—+{?—1Dw,
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Step Response of Second-Order System

2.0

1.8
1.6
1.4
1.2
c(r) 1.0
0.8
0.6
0.4
0.2

0 1 2 3 4 7 8 9 10 11 12

Wt

p.169 (Figure5-7): Unit-step response curves of the system shown in Figure 5-6.

H. Bevrani University of Kurdistan 17

Continue

A secondary system for different w,;and the same ¢ almost show the
same overshoot and vibration pattern. They have the same relative
stability. ()

— w, =1
14 — T Wy, = 2
1.2 - wn — 4
£=103
g ty ty
_ w,=1 | t=328 | t=654
W, t=164 | t=327
w,=4 | t=081 | t=162
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Transient-Response Specifications
y(1)
o Performance A
Indices ] I
Overshoot €y
1.0+ 6 P
) S ———p——  S— W —— i ~——  ——
09 F---+ v I \/ |
(1) 1.0 -8 I [ I
11 | |
11 I I
I | I
11 [ I
1 [ I
1 [ I
11 | I
11 | |
11 | I
0.1 - I [ I
0 1 L1 | | » Time
]
T’,I Peak Settling
time time
T,
Rise time
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Transient-Response Specifications

o Delay time: {4

c(?) 4

Allowable tolerance

The time required for the 7
M, I
response to reach half the v /\

final value the very first

time.
0.5 -~

o Rise time: ¢, |

The time required for the 0
response to rise from 10% '
to 90%, 5% to 95%, or 0% -

to 100% of its final value.

H. Bevrani University of
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Transient-Response Specifications

o Peak time: tp 0
The time required for the response to

Allowable tolerance

=
.,:’\
i
|
|
‘ -
|
I
|
|
I
|
|
|
|
|
|

reach the first peak of the overshoot.

o Maximum overshoot: Mp

The maximum peak value of the
response curve measured from unity.

c(tp)=c(*)

Max. percent overshoot= x100%

c()

o Settling time: T

The time required for the response curve to reach and stay within a range about
the final value of size specified by absolute percentage of the final value (usually

2% or 5%)

H. Bevrani University of
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2nd-Order Systems and Transient-Response Specifications

C(S) _ w"%’ <« Allowable tolerance
R(s)  s%+ 2{w,s + w? IR \\ \:g//zzz
-1 _ _ —lwnpt C . =7
L7HC()] =c(t) =1 —e ¢®nt | coswyt + 1—6251n wgt |
¢w, =0 ;. wg=wp1—{? M
o Rise time t, | Jo A
¢
c(t)=1=1—e S@ntr <cos wgt, + ———=sinw,t —iw
E> r T \/’m T T%w JWq
. o nl1 2%
CoS wgt, + ————=sinwyt, =0 (e *¥n'r () y 'YB N
v1- ¢? -0 0 T
1-¢2 W 1 ) T — ‘
|:> tan w,t, = ——Zz _4 t, = —tan_l( d) = 'B —| {w, |~
¢ o Wq —0 Wy Definition of the angle f8
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Continue
. — 1 — g~ Swnt ¢ ]
o Peak time t, c(t) =1—e “nt(coswyt + Wsmwdt)

dc - t ( . _ t ) (a)d
— = {wpe 9nt | coswyat+ ———sinwyt | +e$“nt (wysinwgt — ——coswgt)
dt /1 _ (2 (—1 — (2
dC c(t)
at t:t . —=O B Allowable tolerance
P odt : ! i
dc | (si ) Wn___ —Cwnt - /\ ‘\‘_i‘f:‘_::‘_::‘_‘_::‘_:t%/ '
——lt=t,, — Smwdtp e ntp=() . T P00
o V1-¢2 BNy A |
05 [-=-
= Sinwdtp =0 = wdtp:a 1, 21, 37, ... . : P !
— f_frt_" N
= Wgly=n=)t,= og 2 ,
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Continue

— 1 — g~ Swnt ¢ .
c(t) e (coswyt + e sinwgt)
o Maximum overshoot M, . t=t,=m/w, "'} _ sovblewme
’ ? M, AI\ N 4t o0s
1 N —— — / or
Mp = C(tp) —1 . i i i I ﬁ/o.oz
) (sns ) )
= — d [ i
e cosm+ Wsmn /o |
_( ( T <—f,-—>‘ !
_ o-(0/o)m_ , 177 -
The maximum percent overshoot is e ~(?/®a)T x 100%
c(tp)—c(e)

If c(0)#1: = M,= ()
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o Settling time ¢,

Pair of envelope

curves for the unit step

respongg curve
I+

For an underdamped second-order system, the
transient response is

—Jwnt [1— |
c(t)=1- f/msin(wdt+tan‘1 1752)
e—(wnt

c 1+
1+ N are the envelope curves of the

mH:o

V-

ransient r n nit- in
transient response to a unit-step input 2% criterion

* The settling time corresponding to a 2% or 5%

A4
tolerance band may be measured in terms of ts = 4T = G Ty
: 1
the time constant T= — = 5% criterion :
(wn 3 3
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o M, and t,versus ¢

70
20 100
1.8 NN ,
V / ~ 0! / \ ” v ah
1605 \)S 02 80 R(s)  s%+2{wys + w7
14 0.6 / % 2; i / 2\ \\ 70 M, : Maximum overshoot
A
1.2 o 60
0.7 C — ~ \
o) 1.0 S — M, 50
0.8 — 4
0.8 | < 40
; 3

6T

5T

2% Tolerance band

/\
4T N\

1
/\| | ) :
c I ' |
Bt ! y |
E % Vo
;0 3T —\I (|
= [ [
5] / 1 \ |
7] 4 |
|
2T ¥
5% Tolerance band
T

0 12 3 4 5 (»r 78 9 10 11 12 03 o '
03 04 05 06 07 08 09 1.0
Ie
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Example
The below system is subjected to a unit-step input, find the transient
characteristics for {=0.6, and w,=5
C(s)

. R(s) E(s) 2
. _ — 2 _ _ _ (Z ;) w,
SOlUtlon. wgq = Wy 1 ( - 4‘ 0= an =3 s(s + 2lwy,)

n-B _ 3.14-P
ty="—"=
d wd
B =tan 1% = tan"> = 0.93 rad
t, = @zO.SS sec
m 314
tp = w—d = T = (0.785 sec

3
Mp — e—(a/wd)n — e_(Z)X3'14 = 0.095

L, (2%): t; =
t;(5%): ty =

= 1.33 sec

= 1 sec

Q |wq |
W lww |

H. Bevrani
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Transient Response of Higher-Order Systems

C(S) _ G(S) p(s) _ n(s) R(s) - {(-\')
R(s) 1+ G(s)H(s) = G)= H(s) = a0s) —>(%—> G(s)
cs) _ p(s)d(s)  _bgs™+by;s™ 14 tby_15+bpy (m < n) ) |

R(s) T q(9)d(S)+p(s)n(s)  apst+a st L4 4a,_qS+ay
o MATLAB may be used for finding the roots of the denominator polynomial. Use
the command roots(den). ¢ (q) K5 +2)(5 +2) o (5 + Ziy)
R(s) (s+p)(s+p2)..(s+pn)
o Consider first the case where the closegll—loop poles are all real and distinct

a a;
C =—+z ‘
(s) S i_ls+pi

o The partial-fraction expansion of C(s), can be obtained easily with MATLAB, using
the residue command.
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Continue

o Next, consider the case where the poles of C(s) consist of real poles and pairs of
complex-conjugate poles:

, bk($+5kwk)+ckwk\/1—51§

j= 1s+p k=1 s2+20pwrs+wi

a .

C(s) =~+31

(g+2r=n)
4

c(t) =a+ Z?zl aje Pt + Y14 bj.e ~Sk@kt cosw /1 — it
+ 3T cpe ~SkPkt sing, /1 —{Zt , fort=20
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A 2"d-Order System Response
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Dominant Closed-Loop Poles

o _¢=0707 °

et A
In this region {>0.707 I
[>04 and I

/ s< o " | 45°

o | ¢

g 1

0 o | {w, =

e/

N
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Thank You!
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