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Error in Feedback Systems

e(t)= r(®)—y()

L(s) = P(s)K(s) ri(f‘i K(s)

y(s) = L(s)e(s)

ﬁ»cl;» P(s) o=

1
e(s)=r(s)—L(s)e(s) => (1+L(s))e(s)=r(s) = €)= 1 1(s) r(s)

e = }1_)12 e(t) = hms -e(s) = lsl_I)IOlS - z(s) r(s)
lim £ (¢) = lim sF (s) F(s):= [ f(t)e dn
[—0 S—> 0
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Steady-State Error

r(t)=1 (r(s):éj |:> e, =lims
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=0 1+ L(s) s~ 20 5L(s)
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s—0
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A
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Continue

Ps)=2, K(s)=-o
Ky s+1

L(s)=P(s)K(s)=

s(s+1)

I I

K(s)

P(s)

= L(0)=o0 = -
)= ::> 1+11n01L(s) 1+L(0) 1+K, 0
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K, =limsL(s) = lims" =K, _8 .
s—0 s—0 /g'(s+1) :;_::6 2
4 7 K,=5
1 1 2 B!
|:> e, =lim — NS - K, =05
20 sL(s) Ko 02 4 g8 10
H. Bevrani Ul ty of Kurdist 5
System Type

m m—1
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1
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System Type

d=0

1
1+ L(s) ") riTi K(s) ﬂ.éi P(s) T—y
K, =lim L(s) = L(0)
s—0

e(t) =r(1)—y(t) = e(s) =

=lime(?
¢, =lme(?) L(s) = P(s)K (s)
= lsi—r>r01S .e(S) KV = hn(}sL(S)
) Kl
Example: P(s):l, K(s)= K, (K, >0)
s s+1

L) = POK () = K, = 1(0) =co
1 1 1

e = = = =
= & Lelimi(s) 1+L(0)  1+K,
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Summary: Performance Evaluation

{ Transient characteristics

Steady-state characteristics

L(s)=P(s)K(s)

K,=L(0)

e, =
1+ L(0) ”L?e- K(s) E_T-y
Systemtype | r()=1 | r(t)=t |r(t)=1"/2 15
1
0Type | — K 00 o0 i /\ 1 :
1
- - €,
1 Type 0 K Olo KO.S s
2 Type 0 0
K, 0
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System Response

1 _
o Zero-Input Response: d(s)=— d
s

+ ¢ u y+
e(s)=—y(s)=— P(s) d(s) K(s) 4»(1)—> P(s) T

1+ L(s) 4??

. . . P(0)
lime(?) = —lim y(¢) = —lim =—
= lime(r) = ~lim y(r) = ~limsy(s) =~
o Non-Zero Input and Disturbance Response: ‘i_
r + € u v+
K —O—| P
e(s) =——r(s) =L i) T_ ) ) T
1+ L(s) 1+ L(s)
= lime(?) = L ___PO
10 1+L(0) 1+L(0)
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Pole and Zero
impulse response transfer function:  G/(s)
o Real pole: —oi(i=1~ M)
Gs)= —— = o=—1
Example: S)= s+ 1 =
o Complex conjugate pole: —a; + jwi(t=1~ N)

—1
1 —1+4vV3 2

E le: Gs)=———"—= ———J7Y°
xample (s) 32—|—s—|—1=> 5 = /3
2
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System (Impulse) Response

M A N B
y<8>:G(S>:;3—|—0‘Z+;(8+ai>2+wi2

o Impulse response

M N
—o.t Bz — it .
:ZAie i +Z—e *gin w;t
, . Wi
=1 1=1

\. \‘-

Example: G(s) — ! — ! = !

2 2
P ) ey (4)
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Poles and System Response

o The size of the real part of the pole: = Convergence speed

o The size of the imaginary part of the pole:=> Period of oscillation component

m%"%
W%W

--_ﬁ—l'—/

Pole position and
impulse response

» Re

\/x“ x?
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System (Step) Response

o Step response (Laplace transform) from partial fraction decomposition:

4(s) = Gls)- =

o Step response

?+;s+0i+z(s+ai)2—l—w§

1=1

M N p
y(t) = Ao + E Ae” %t + E —e~ %! gin w;t
Wi
— =1 — =1 O —

-~
-~
-
-
-
-
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Zeros and Poles

S(s)

S = ! ,
1+ PK

1

"1+ P(s)K(s)

A

__PK T ol k(s)ES P
T—1+PK _?—’ (s) (S)T

S(p)=0 1
S = =
oz T EmKD
S(z)=1 1 1
) S =——=-=1

P(z)=0 1+ P(OK(z) 1
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Impact of Zeros

Im
Poles: —1 — R
Example: G(S): (/115‘;1 " oles 11’ 05 o—n—X e o ¢
(s+D(2s+1) Zero: _ _
a
d : Small m) no effect
d : Big m) overshoot
a<0: Unstable m) non-minimum phase
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Effect of zero

Im
+1 Poles: —1, — 0.5
o Example: G(s) = as Re
A PR PRy seror — & O U—X—%XOT;—O
) a -1 —0.5
a < 0 = Non-minimum phase
a small —> No effect
. y(t)
a big =) Overshoot
* The response of the pole near the origin is the dominant. 0 2 4 6 2 10
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Dominant pole

M N p
y(t) = Ag + Z Aje” 7 + Z — e~ % sinw;t
Wi
i=1 i=1

Im

[ 0< o < a; (j":?NN) % \ & Re

O<041<<0'j (]:1NM> X/ —t 1 0

e_o‘jt7 ¢~ %i' Decreases rapidly

=

—ant By _ :
The slowest mode € “'" Is dominant = y(t) ~ Ag + e M ginwit
!
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Example
1 5
(5) 1(5)G2(s) Ts+1 s242s+5 s+ 1 : $24+25+5

1

]_:0 = ——

[TS+ :>s -
@425 +5=00ps=—1£2

Im —
---------- 2
7=001 ——=-100 G=G, )5(—025 ’
St
P ~ —100 ! Re
=14 0.25 G Gl x‘_ _________ —j2
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Stability: BIBO Stability

Stability: A causal, linear, time-invariant system is stable if and only if all its poles
have negative real parts.

O Bounded input bounded output (BIBO) stability

4 )
. y lu(t)| < oo == |y(t)| < oo

—  G(s) 0o
or t)| dt < oo
\ | 1st)
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Example

Check the BIBO and internal stability of the following system:

x,

r + x2 S—l

b
s—1 N

cs) _ 5 _ 1

= =-1 -
r(s) 1+1 s+1 E> p :> BIBO stability
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Step response (stable system)

M N B,
t) = Ag + Z Ae %t 4 Z ie_ait sin w;t
i=1 i=1 ¢

Im
. _\‘j' T Re
—0; <0, —a; <0 — N a0
X .
e 7t =0 (t = o) e~ “'sinw;t — 0 (t = 00) X X X X
o i il
t \[ Py X X X X
| ! e i AR AT
,:\‘- )’:‘___— A {_/ + Re
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Step response (unstable system)
AO"’ZA —o‘t_*_zwz SlIlC%
R(s):% + X E(s) 7 C(s);
_T s(s+1)(s+2) -
Unstable system
jo I\
j1sos b ox
s-plane
—3%87 0.02134 = % 1 /\ /\ /\
NIAVAVAVAVRYAY .
71505 - X 0 Vis\/ 30
Unstable system's - \,
closed-loop poles Time (seconds)

(not to scale)
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Necessary and sufficient conditions for stability

(A) Negative real parts of all poles

D(s) = aps" + 18" 4 ars+ag (a, > 0)

= an [ [ (s +00) [T (s> + 205 + (af + 7))

Im
X
—03 | Re
\/ »
N — O i 0
X

(B) All coefficients of 0y, (p—1,

'+, (g must have same sign

H. Bevrani
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Example

1
y(t) /
0.5

0 5 10 15
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Example

S N2 S
oi1-5 0=

Di(s) =5+ 5" +35>+ 25> + 6542
+1 +1 +3 +2 46 +2  (B:OK)

Dy(s) =5 +s"+65°+3s2+4s+1  (B: OK)
+1 41 +6 +3 +4 +1
o Are they both stable?
Di(s) =0 : 0.56 +1.37j, —0.89+1.33j, —0.35 unstable

Ds(s) =0 |:> —0.26 £ 2215, —0.104+0.85j, —0.28 stable
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Routh’s method

o Using the “Routh Table” (1905). Then it is generalized to
Routh-Hurwitz method

R(s) N(s) C(s)

Example: — e
AyS™ + azs” + ars~ + ays + dy

S dy [25) dop

Routh Table: 2

H. Bevrani University of Kurdistan 26




Routh’s stability criterion

. — 4 3 2
o Completing the “Routh Table”: D(s) = aq4s® + aszs’ + axs” + ais + ao
5’4 ady ay [n)
5 as a 0
asg as dagp ag 0
2 - as a - ay 0 - ay 0
’ as = b1 as "=b, as =0
as as 0 as 0
. - /)] by - /)] 0 - [)1 0
S —_— = =
/)] ‘1 /)1 . /)1 0
/)1 l)p_ l)] 0 /)1 0
0 ey 0 ey 0] e 0]
S — e = dy 3 =0 &) =0
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Routh’s stability criterion

Theorem 1:

The number of sign changes in the first column of the Routh
table equals the number of roots of the polynomial in the
Right Half-Plane (RHP).
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Example

R(s) +8 E(s) 1000 C(s) I:> R(s) 1000 C(s)
_T (s +2)(s +3)(s+5) : s34 1052 + 315 + 1030
§3 1 31 0
52 1o 1 1030 103 0
'1 31 '1 o’ ‘1 0
! 1 103 _ 0 0 _0 1 0 —0
1 1 1
‘ 1 103 ‘ 1 o’ ‘ 1 0
0 =72 0 =72 0 =72 0
=103 =0 -0
-72 -72 -72

o Unstable with 2 roots at the RHP

H. Bevrani University of Kurdistan
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Special Cases

o Case 1: Zero Only in the First Column
Solution 1: via Epsilon method

Solution 2: via Reverse coefficients

o Case 2: Entire Row is Zero

Solution: via an Auxiliary Polynomial
for above row of zeros

H. Bevrani University of Kurdistan
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Case 1: Solution 1

10
Example: T(s) =
P (5) §° 4+ 25+ 353 + 652+ 55+ 3
s> 1 3 5
st 2 6 3
5> 0 z 0
2
2 6e —7
5 3 0
c
1 42¢ — 49 — 6¢2
S O 0
12¢ — 14
sV 3 0 0
H. Bevrani University of Kurdistan 31
Continue
Example: 7(s) 10
2 T(s)= ,
Xampie S +25% +35° +65° + 554 3
s 1 3 5 + +
4
S 2 6 n n
? ¥l ! 0 +
A € — _
2
2 6¢c — 7 , 0 . n
c
g! 42¢ — 49 — 6¢- 0 + n
12¢ — 14
sV 3 0 0 + +

o Unstable with 2 roots at the RHP

H. Bevrani University of Kurdistan
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Case 1: Solution 2

Method Iogic: Sn - an_lsn—l + - +a;s+ay = 0

o Ifsisreplaced by 1/d
(l>n + a,— (l)n_l + .- +a (l) +ay)=0
d d d
"
1 n 1 -1 1 (1—=n) 1 —n
(2) {1 ram(3) 4 ora(g) ra(g) ]

1 n
— <E> Il +ap1d+ - +a,d" ™" +ayd"| =0
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Case 1: Solution 2

10
. I'(s) =

Example: (5) &SS +25* 4+ 353 + 65>+ 55+ 3

D(s) =35> + 55" 4+ 65° + 35> + 25+ 1
5 3 6 2
st 5

o Unstable with 2 ¢ 42 1.4

roots at the RHP R

s~ 1.33 1

1

S‘
0

S
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Case 2

Example: T(s) 10
N S) =
§° + 75 + 653 + 4252 + 8s + 56
§° 1 6 8
g 1 8
S3 O
S2
Sl
sY
a’P(
Pis)=s*"+65>+8 - —49+129+O
H. Bevrani University of Kurdistan 35
Continue
Example: 7(y) = 10
§° + 75t + 653 + 4252 + 85 + 56
5 1 6 8
5 7 1 42 6 56 8
§> R o 2 3 o o 0
52 3 8 0
1 1
) 5 0 0
s 8 0 0
dP(s)
P(s)=s5s"+65°+8 Fra 457 + 125 4+ 0

o Stable

H. Bevrani

University of Kurdistan
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Case 2

o The order of auxiliary polynomial shows the number of poles on the
jw-axis.

P(s)=s"+ 65+ 8

&

4 poles on the jw-axis
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Example
o Check the stability of following system for 5(3s+1)
different values of k — k"
s +2s+4
' s(3s+1)
3 ks(3s +1)
M(s)=—S_+25+4 _

“) 145368 +D & 42544+ ks(3s+1) 0 s> +3ks> +(2+k)s+4=0
S +25+4
s° 1 2+k
s° 3k 4 23k>0 E> For stability:
o BrCe+—4 o 0> 3% +ok-4 _, k>0.528

3k 3k

s° 4 0
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Pole-Zero Cancellation

PO= 3 K@ =350 2 0= DD )+ NN

ro+ u y+ y
G De@N(s) o = Np(9)N(s) fT- K(s)—+»g>—» P(s)
O )

_ NNk () o Np($)Di(s)
g #(s) v #(s)

Example: |P(s)= SL_ K(s)=2""

_ POKE) o s~T
1+ P(s)K(s) (s=D(s+1)

P(s)=(s=1)-s+1-(s=1) =(s-1)(s+1)=0 E> G,,.(5)
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Continue
P(s)=L, K(s):s__1 __ L QP(S)K(S):L-E/:l
s—1 S S S Ky d=0
! "o K(5) 0 P -
_ POKG) 1 —T
y(s)_1+P(s)K(s) r(s) . -r(s) "(S)
S 2
Py=2®) 1 (s=D)y(s)=u(s) I R L
u(s) s-1 ()= y(6) =u(?)
(9(5) = 70) = ¥() =u(s) B ¥ =—u()+—3, B -
0.5 Yo =0
7= 0= ) ey D) =)+

(S”)(Sl) 0 1 2 3 4 5 6
t
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Internal Stability

Internal Stability: A system is internally stable if and only if the poles of
all possible transfer functions have negative real parts.

d
K _—POKs) T 4o Tk a&“ e
Gur(S)_l-I-P(S)K(S) G”d(s)_np(s)]((s) __’T_' () + ()
G, (5)= O gy )
" 4 P(s)K (s) MU 1+ P(s)K (s)
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Asymptotic Stability

Asymptotic Stability: A system is asymptotically stable if and only if the
all eigenvalues have negative real parts.

o How can we check asymptotic stability?

Let‘s] —A‘ =0 = Findeigenvalues A, 4,,..., 4,
ItA,4,..,A4 €sLHP

&

System is asymptotically stable
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Example

o Check the Asymptotic/Internal stability of the following system:

r + 1 X, _1 X, C
s—1 S
X, =Xy =r—X X =-x+r x| [-1 Ofx | |1
) = +| |
X, =X, =X, = I::>x2=—x1+x2—|rr|::> X, -1 1] x, 1
s+1 0
|sI — 4| = =s’-1=0 © A4=1 A4=-1
1 s—1
> Not Asympt. Stability
H. Bevrani University of Kurdistan 43

Thank You!
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