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Sensitivity Analysis

o Sensitivity analysis aims to investigate how a model
component affects another component/function

o Sensitivity analysis is an essential issue in mathematical
modeling and analysis
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Sensitivity Analysis

o Sensitivity analysis can be considered as a systematic
“perturbation analysis”
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Sensitivity

o The degree to which changes in system parameters affect
system transfer functions, and hence performance, is called
sensitivity.

R(s) + E(s) _ K C(S)>
s(s+a)

SG:K SG:a ST:K ST:a SE:a SszK
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Sensitivity Formulation

o Sensitivity is the ratio of the fractional change in the function
to the fractional change in the parameter as the fractional
change of the parameter approaches zero.

Fractional change in the function, F

Sp.p = lim . ,
PP AP0 Fractional change in the parameter, P

. AF/F
= lim ———
AP—0 AP/P
PoF
. PAF S -
— - |::> F:P —
Al1>lr—r>loFAP FoP
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Example 1

o Find the sensitivity of the closed-loop transfer function to the
parameter a

R(s) + E(s) K C(s)
%@ s(s+a) =
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Solution

K R(s) + E(s) K C(s)
T(?) = ™ s(s+a) -
s?+as+ K -

G = a oT B a —Ks B —as
T T §a K (> +as+K)7?) |92+as+K
s?+as+ K

An increase in K reduces the sensitivity of the closed-loop transfer
function to changes in the parameter a.
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Example 2

o Find the sensitivity of the steady-state error to changes in

parameter K and parameter afor the system with a step
input.

R(s) + E(s) K C(s) _
(s+a)s+Db)
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Solution

o The steady-state error: R(s) + EGs) | K O
g (s+a)s+Db)
(00) = L1 ab B
‘ C1+k, |, K ab+K
+_
ab
g _@ de a (ab+K)b—ab2_ K
“e Sa ab (ab+K)2 lab+K
ab + K
g . K de K —ab | -K
KT 5K ab (ab+K)2_ab+K
ab+ K
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Pole Sensitivity

o The sensitivity of a closed-loop pole, s, to gain, K:

K os
Sik = ——
s:K 5K

AK
> | As= (Suk)

As is the change in pole location, and AK/K is the fractional change
in the gain, K.
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Example 3: Security Camera

o Find the root sensitivity of the system at s= -9.47 and
s=-5+j)5. Also calculate the change in the pole location for a

10% Change in K. Subject’s Motor Camera
position  Sensors  Amplifier and camera position
R(s ) |
($) : K, > K> C) >
B s(s + 10)
R(s) K C(s)
- L
2+ 10s + K
where K = K| K>
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Differentiating the Characteristic k() K C(s)
. . - >
equation with respect to K: s2+10s + K
where K = KK,
os os Os -1
25—+10—=+1=0 =) =
oK oK oK 2s+ 10

K Os K —1
Ss: S Sg~ =— %k —/
K=7T5K — K =0 55110
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Continue

. 5 N —1 |:> Fors = -9.47,
s 25+ 10 from Table: K = 5.

4

Ssx = —0.059

The change in the pole location for a 10%
change in K, with s =-9.47; AK/K =0.1,
and S..=-0.059:

As = S(SS;K)?

K Pole 1 Pole 2

0 -10 0

5 —9.47 —0.53

10 —8.87 —1.13

15 -8.16 —1.84
20 —7.24 -2.76
25 -5 -5
30 —5+,2.24 —-5—j2.24
35 -5+/3.16 -5-/3.16
40 —5+j3.87 -5—j3.87
45 =5+ j4.47 =5 —j4.47
50 =545 -5-J5

AK _ The pole will move to the right by
= As =0.056 0.056 units for a 10% change in K.
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Continue
For s = =5 +]5, K = 50. K Pole 1 Pole 2
T 0 -10 0
K —1 5 -9.47 —0.53
Sex = — * 10 —8.87 ~1.13
s 2s+10 15 ~8.16 _1.84
20 -7.24 -2.76
Sex = 1/(1+j1)=(1/4/2)2 - 45° 25 = =
30 —5+j2.24 —5—j2.24
The change in the pole location for a 10% 3 —+j3.16 —>=j3.16
h in K. with: 40 —5+/3.87 —5-j3.87
change in K, with. 45 —5 4 j4.47 —5— j4.47
s=—5+4/5 AK/K =0.1, Sex = (1//2)2 — 45°% 5455 555
As = s(S AK
s = 5(Ssx) = The pole will move vertically by 5 units

for a 10% change in K.
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Thank You!
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